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Notation

The following notation is used throughout the chapters:

L System size (number of lattice sites).

M Total mass in the system.

d Dimensionality of the system.

ρ̄ =M/Ld Global density.

ζ Chipping (stickiness) parameter.

mi(t) Mass at site i in one dimension lattice.

m(r, t) Mass at site r at time t in d-dimensions.

ξi Random fraction of chipped mass at site i.

S̃J (f) Power spectrum of instantaneous bond current.

S̃Ml
(f) Power spectrum of subsystem mass.

W(y) Scaled bond current fluctuations

D Bulk-diffusion coefficient

χ Mobility

Γαβ(r) Fluctuating current strength at position r.

B(r) : Bond current correlation function.

δ(r) Discrete Dirac delta function.

êα Unit vector along direction α.

S(q) Static structure factor.

S(q, t) Dynamic structure factor.

Qα(r, T ) Time-integrated bond current at bond (r, r+ êα) up to time T .

Ji(r, t) Instantaneous bond current at space r and time t.

CAB(r, t) Dynamic current correlations of two observable A(0, t) and B(r, t).
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Abstract

This thesis investigates steady-state static and dynamic fluctuations in nonequilib-
rium mass transport processes on periodic lattices, with a focus on systems possess-
ing either a single conservation law (mass) or two conservation laws (mass and center
of mass, CoM). Using a microscopic analytical framework, we study a broad class
of mass-chipping models−describing fragmentation, diffusion, and aggregation−as
well as threshold-activated conserved sandpile models (e.g., Oslo and Manna) in one
and two dimensions.

For a single (mass) conservation law and in one dimension, we identify distinct
temporal regimes in current fluctuations, governed by a universal scaling func-
tion that bridges subdiffusive and diffusive behavior. A frequency-domain analy-
sis reveals dimension-dependent scaling laws for current power spectra, SJ(f) ∼
SJ(0)+ fd/2, characteristic of mass-conserving systems. In contrast, CoM conserva-
tion modifies the scaling to SJ(f) ∼ f 1+d/2, demonstrating fluctuation suppression
due to the additional constraint.

On the static side, structure factors in systems with CoM conservation scale as
S(q) ∼ q2 in the small–wave number limit, consistent with class-I spatial hyper-
uniformity. Remarkably, in models with multidirectional hopping—where multiple
chunks of mass or particles can simultaneously leave a lattice site in different direc-
tions—the structure factor exhibits a non-analytic q2 dependence. This mechanism
breaks detailed balance while preserving isotropy and homogeneity, leading to robust
power-law ∼ 1/rd+2 correlations even far from criticality.

Overall, the thesis establishes a unified framework between microscopic models
and hydrodynamic theory, providing fundamental insights into transport phenom-
ena, fluctuation suppression, and hyperuniformity in complex driven systems, with
broader implications for nonequilibrium statistical mechanics and materials science.
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থিথিি িারিংক্ষেপ (বাংলা) 
 

এই থিথিিটি পর্যায়ক্রথিক ল্যাটিসির ওপর ভারিািযহীন ভর পথরবহন প্রথক্রয়ার থির-অবিা স্ট্যাটিক 
এবং গথিশীল্ ফ্লাকচুসয়শন (ওঠানািা) থনসয় গসবষণা কসর, যর্খাসন একটি (ভর) বা দটুি (ভর 
এবং ভসরর যকন্দ্র,) িংরক্ষণ িূত্র রসয়সে। একটি িাইসক্রাসকাথপক থবসেষণাত্মক কাঠাসিা বযবহার কসর, 

আিরা এক এবং দইু িাত্রায় থবসৃ্তি ভর-থবভাজন িসেল্—র্া খণ্ডন, প্রিারণ এবং একীকরণ বণযনা 
কসর—এবং যেশসহাল্ড-অযাথিসভসেে িংরথক্ষি িযান্ডপাইল্ িসেল্ (সর্িন, অিসল্া এবং িান্না) অধ্যয়ন 
কথর।  

একিাথত্রক ভর িংরক্ষণ িূসত্রর যক্ষসত্র, আিরা বিয িাসনর ওঠানািায় স্বিন্ত্র িিয়গি বযবিা শনাক্ত 
কথর, র্া একটি িাবযজনীন যকথল্ং ফাংশন দ্বারা থনয়থন্ত্রি হয় এবং িাবথেথফউথিভ ও থেথফউথিভ 
আচরসণর িসধ্য িংসর্াগ িাপন কসর। থিসকাসয়থি-যোসিন থবসেষণ বিয িান পাওয়ার যেকট্রার জনয 
িাত্রা-থনভয র যকথল্ং থনয়ি প্রকাশ কসর, , র্া ভর-িংরক্ষণ বযবিার ববথশষ্ট্য। এর থবপরীসি, ভসরর 
যকন্দ্র িংরক্ষণ যকথল্ং পথরবিয ন কসর কসর 𝑆𝐽(𝑓)~ 𝑓𝑑/2 , র্া অথিথরক্ত িীিাবদ্ধিার কারসণ ফ্লাকচুসয়শন 

হ্রাি কসর।  

থির অবিার থদসক, ভর যকন্দ্র িংরক্ষণ িহ থিসস্ট্সির কাঠাসিা ফযািরগুথল্ কু্ষদ্র-িরঙ্গ িংখযা িীিাসি 

𝑆(𝑞)~ 𝑞2 থহিাসব যকল্ কসর, র্া ক্লাি-I িাথনক হাইপারইউথনফথিযটির িাসি িািঞ্জিযপূণয। ল্ক্ষণীয়ভাসব, 

বহু-থদকথনসদযশক হথপং িহ িসেল্গুথল্সি—যর্খাসন একাথধ্ক ভসরর খণ্ড বা কণা একই িাসি থবথভন্ন 
থদসক একটি ল্যাটিি িাইে যেস়ে যর্সি পাসর—কাঠাসিা ফযািরটি একটি অ-থবসেষণাত্মক 𝑞2 থনভয রিা 
প্রদশযন কসর। এই প্রথক্রয়াটি থেসেইল্ে বযাসল্িসক যভসে যদয় এবং আইসিাট্রথপ ও িিজািীয়িাসক 
অকু্ষণ্ন রাসখ, র্া িংকোপন্ন থবনু্দ যিসক অসনক দসূরও ঘনত্ব িহিম্বন্ধ  ~ 1/𝑟𝑑+2 অনুিাসর হ্রাি পায়। 

িািথিকভাসব, এই থিথিিটি িাইসক্রাসকাথপক িসেল্ এবং হাইসরাোইনাথিক িসের িসধ্য একটি িিথিি 
কাঠাসিা িাপন কসর, র্া পথরবহন প্রথক্রয়া, ওঠানািা দিন, এবং জটিল্ চাথল্ি থিসস্ট্সির 
হাইপারইউথনফথিযটি িম্পসকয  যিৌথল্ক অন্তদৃয থষ্ট্ প্রদান কসর, র্ার ভারিািযহীন স্ট্যাটিিটিকযাল্ যিকাথনক্স 
এবং পদািয থবজ্ঞাসনর জনয বযাপক প্রভাব রসয়সে। 
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2.6 The scaled subsystem mass power spectrum, D2S̃Ml
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current fluctuation, ⟨Q2

i (T )⟩D/(2χL), in the steady state as a func-
tion of scaled timeDT/L2 for various chipping parameters and system
sizes. The two dashed lines serve as a guide, indicating thatW(y) ex-
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2.9 The scaled subsystem mass power spectrum, D2S̃Ml
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corresponds to ζ = 0.25 and L = 1000, the magenta solid line cor-
responds to ζ = 0.90 and L = 1000, the red solid line corresponds
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solid color lines represent the simulation results, while the black solid
line represents the theoretical predictions of Eq.(2.129) upon suitable
scaling, which matches the simulation data. . . . . . . . . . . . . . . 52

2.10 Left panel: The second cumulant, or the variance, ⟨Q2
i (T )⟩c = ⟨Q2
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3.1 Equivalance between random average process (RAP) and mass chip-
ping model (MCM) with CoM conservation (CoMC) in one dimension
through a schematic diagram. Top panel – RAP with CoMC : Two
particles (black circles) located at Xi and Xi+1 are displaced in the
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mi ≡ Xi+1 − Xi is the inter-particle distance, or gap, between ith
and (i+1)th particles. Here ξ̃i = (1− ξi) and ξi is a random fraction
uniformly distributed in [0, 1]. Bottom panel – MCM with CoMC : A
site (represented by a black circle) contains a certain amount of (con-
tinuous) mass (dark-violet rectangular bars). During a mass transfer
process, a site retains a random fraction ξi of its mass mi, and the
remaining fraction of mass, (1 − ξi)mi, is equally divided into two
parts, with one being transferred to its left neighbor (green rectan-
gle) and the other to its right neighbor (blue rectangle). In that case,
cumulative (time-integrated) current increases by miξ̃i/2 across bond
(i, i + 1) and decreases by the same amount across the other bond
(i− 1, i). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.2 MCM-CoMC I in one dimension. Panel (a) shows the excess density
(ρX(t) − ρ0) of a step initial profile density, plotted against position
X at four times: t = 2000 (orange square), 5000 (green asterisks),
10000(red square), and 20000 (violet triangle). The background den-
sity is ρ0 = 1, and the initial density profile height is ρ1 = 3. Panel
(b): The scaled shifted density profile R(z) is plotted as a function
of the scaling variable z = x/

√
t. Points represent simulation data,

while the purple dashed line is the analytic solution [see Eq. (3.6)]. . 68

3.3 MCM-CoMC I in one dimension. Panel (a): We plot steady-state
density correlation function, Cmm

r , as a function of spatial distance
r. Panel (b): Steady-state structure factor S(q) is plotted as a func-
tion of wave number q. The purple dashed-dotted line represent the
asymptotic behavior, which scales as q2 for small q. In both the panels
(a) and (b), the orange dashed lines represent theoretical predictions
obtained from Eqs. (3.24) and (3.28), respectively. Simulations are
performed for global density ρ = 1.0 and system size L = 1000. . . . 72

xv
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Eq. (3.33), agrees quite well with simulation perfectly. The guid-
ing line (purple dashed) indicates the saturation value obtained from
Eq.(3.35). Panel (b): The relative time-integrated bond-current fluc-
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0 (T, T ), is plotted as a function of time T for
both simulation (blue) and theory (orange). The asymptotic T−1/2

(purple) is obtained from Eq.(3.34). Panel (c), negative of instanta-
neous bond-current correlation −CJJ

0 (t, 0) is plotted as a function of
t. The orange dashed line represents theory as in Eq. (3.38). The
purple dashed-dotted line represents the asymptotic power-law decay
t−5/2, obtained from theory Eq. (3.39). In all panels, simulation data
(blue line) is for system size L = 1000 and global density ρ = 1. . . . 75

3.5 MCM-CoMC II in one dimension. Panel (a): The excess density
(ρX(t) − ρ0) of an initially stepped density profile is plotted against
position X at four different times: t = 2000 (orange squares), 5000
(green asterisks), 10000 (red squares), and 20000 (violet triangles).
The background density is ρ0 = 1, with an initial profile height of
ρ1 = 3. Panel (b): The scaled shifted density profile R(z) is plotted
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x + δm/δt
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3.8 MCM-CoMC I in two dimensions. Panel (a): Steady-state density
correlation Cmm

r,s is shown in a 2D color heat plot. In this panel we
have taken periodic system size of area 100 × 100. Panel (b): The
heat-map of structure factor S(q) is plotted in the two-dimensional
(scaled) q-plane. Panel (c): The structure factor S(q) is shown as
a function of the magnitude q =

√
q2x + q2y. For small-q values, S(q)

scales as q2 [see Eq. (3.46)]. In panel (b) and (c), we take a periodic
system of area 128× 128. Global density ρ = 1.0 for all the panels. . 80
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0,0 (T, T ) (panel e) are plotted as a function of time
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4.1 Schematic representation of dynamical update rules in mass transport
processes in two-dimensional space for two variants: (a) MCM I and
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the central site (i, j) to its neighbors, with color-coded expressions
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axes. Panel (b): On the other hand, in MCM II, mass is transferred
to only two neighboring sites along either horizontal (solid line) or
vertical (dotted line) axis, with equal probability. For other variants
(not shown here), when center of mass (CoM) is conserved, the two
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1
Introduction

Dynamical systems are ubiquitous in natural and engineered systems, spanning over
a wide range of spatial and temporal scales − from the motion of subatomic particles
to the motions of bodies in the cosmos, and from microseconds to billions of years.
Indeed, these systems have a common underlying feature: they are made up of
numerous degrees of freedom that change with time, usually in complicated and
unforeseen ways. The core problem of physics and allied sciences is to understand
their large-scale static and dynamical properties from the underlying microscopic
dynamical laws. Such predictive power would have profound consequences in various
fields, such as in predicting market trends for strategic choices, weather forecasting
to calculating the exact future position of a celestial body. This objective, though,
is unattainable for most systems because of the complex many-body interactions
between their vast components, the precise dynamical evolution of which is usually
unknown or experimentally inaccessible.

Therefore, for statistical physicist and mathematicians, a suitable path has been
to take a probabilistic (stochastic) description, where the coarse-grained microscopic
dynamics involving particles, mass, or energy, rather than being purely deterministic
as in Newtonian or Hamiltonian dynamics, are assumed to happen quite randomly
(though perhaps with correlations). Indeed, characterizing fluctuations—of static
or of dynamic observables—is a fundamental issue in statistical mechanics and is
taken naturally through the investigation of stochastic processes observed in nature.
Notably, fluctuations in most instances follow the celebrated central limit theorem
(CLT). For instance, in a homogeneous system, the variance of particle number
(or mass / energy) within a region of radius R, usually increases linearly with the
volume σ(R)2 ∼ Rd. However, there are some prominent exceptions, where the
scaling does not quite hold. Consider, for example, the giant number fluctuations
(GNF), one such exception where the variance increases more rapidly than the CLT
would suggest. The GNFs have been seen in many active matter systems, such as
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flocks of birds, bacterial colonies, self-propelled particles and driven granular media
[1], among others. A second deviation from the CLT can arise when large-scale
density variations are inhibited instead of enhanced—a state known as “superho-
mogeneous” [2] or “hyperuniform” [3], with a vanishing structure factor for long
wavelengths, S(q → 0) → 0 [3, 4]. Hyperuniformity was originally identified in
ordered materials like perfect crystals and quasi-crystals, but later work has demon-
strated its existence in disordered structures, for example, the venation pattern in
leaf [5], the pattern of cone cells in avian retinas [6], and even in some jammed par-
ticulate packings [7]. Of course, it is highly desirable to understand the dynamical
mechanism, which would lead to such a hyperuniform state of matter. In this thesis,
we aim to theoretically characterize hyperuniformity using minimal model systems,
which exhibit anomalously suppressed density and current fluctuations.

Analytically tractable models exhibiting such fluctuation phenomena are rare,
and finding them itself constitutes the important first step in understanding the
macroscopic behavior of interacting-particle systems. Indeed, minimal models (typ-
ically, on a lattice) provide an important testing ground for their theoretical studies.
The simplest example is perhaps the systems of (simple) random walkers, in which
non-interacting particles diffuse freely on a lattice. By introducing hard-core exclu-
sion yields the simple symmetric exclusion process (SSEP), a paradigmatic interact-
ing particle system with an excluded-volume constraint, for which both static and
dynamic fluctuations can be computed exactly [8, 9]. A second type of interacting
system is the zero-range process (ZRP) [10], in which local hop rates depend solely
on the local occupation number, and for which condensation transitions and other
interesting behaviour are possible.

More intricate cases arise in threshold-activated systems, where mass transfer
takes place only when the mass at a given site exceeds a critical threshold mc, thus
introducing strongly nonlinear mass-dependent hopping rates. Examples include the
Bak–Tang–Wiesenfeld (BTW) model and the Manna model [11, 12], among several
other variants, with or without more-than-one conservation laws, symmetries and
dimensions. These models, though central to studies of self-organised criticality
[11], are notoriously difficult to handle analytically, even in their active phase far
from from the absorbing phase transition point. A simpler alternative arises by
considering continuous masses instead of discrete particles and removing the thresh-
old condition. This gives rise to a class of models, called mass chipping models
(MCMs) [13, 14]—the primary focus of this thesis. Notably, despite being far from
equilibrium, MCMs remain analytically tractable even in the presence of non-trivial
spatial correlations. Several well-known processes fall within this class, including
the Kipnis–Marchioro–Presutti (KMP) model [15] and the random average process
(RAP) [16].

In this thesis, we study a broad classes of MCMs and threshold-activated systems
like conserved sandpiles, extending them to higher dimensions and with more than
one conservation laws and symmetries. We demonstrate that, despite the simplicity
of the dynamical rules, they display rich static and dynamical behavior, which how-
ever can be characterized theoretically (in fact, in many cases, exactly). To this end,
we calculate both static fluctuations (via the structure factor) and dynamic fluctu-
ations (such as the bond current and its power spectrum in the frequency domain),
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thereby revealing how fluctuation behaviour depends on system dimensionality. We
then consider an additional centre-of-mass conservation law and investigate its im-
pact on fluctuation properties. Our analysis shows that this extra conservation
strongly suppresses fluctuations, leading to hyperuniform states. For MCMs, these
results are derived exactly from the microscopic dynamics, providing one of the few
(exact) analytically solvable examples of hyperuniformity in a many-body system
[4].

1.1 Minimalistic description of interacting systems

The study of many-particle systems offers a fascinating window into how complex
behaviors can emerge from simple, local rules. While Newtonian mechanics pro-
vides an exact—though often intractable—framework for a few interacting bodies,
the complexity increases dramatically as the number of particles grows. At macro-
scopic scales, tracking individual particle trajectories becomes not only computa-
tionally prohibitive, but also physically perhaps not entirely required; instead, the
focus shifts to emergent collective behaviour arising from the interactions within
the whole system. This is the realm where statistical and probabilistic methods
become indispensable. In modern statistical physics, many-body interactions are
explored through a variety of simplified and minimalistic, yet insightful models. For
example, the symmetric simple exclusion process (SSEP) represents fermionic-like
hardcore interactions in equilibrium systems of discrete particles [9]. Similarly, zero-
range processes model bosonic systems, providing a minimal model system to study
phenomena such as condensation transitions, etc. [17]. Also, beyond equilibrium,
threshold-activated systems—such as the Manna [12] and the Oslo sandpiles [18]
capture scale-invariant behavior, observed in nature. Indeed, these model systems
are well studied for the power-law correlations and “1/f” noise[11], they generate
in steady states. For the purpose of analytical tractability, one usually considers an
important class of models is mass chipping models (MCMs) [13–15, 19–22], which
have been intensively studied in the past several decades. These models typically
describe transport and redistribution (i.e., fragmentation, diffusion and aggregation)
of a continuous conserved mass, albeit without a threshold activation condition (see
panel (f) of Fig. 1.1). Despite their apparent simplicity, such models mimic various
nonequilibrium phenomena [15, 23–27] and exhibit rich emergent behavior, includ-
ing nontrivial spatial correlations and dynamic fluctuations, such as enhancement
or suppression of fluctuations, etc. Although these models offer valuable insights
in capturing a range of characteristics observed in driven systems, formulating a
unified statistical mechanics framework, beginning with the microscopic dynami-
cal rules, remains a major challenge so far. In this thesis, we have taken up the
task of characterizing various static and dynamic characteristics, including the hy-
drodynamic ones, through microscopic approaches based on the Markov processes
described below.
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Figure 1.1: Schematic diagram of various one-dimensional lattice models: (a) Ran-
dom walker model with no interaction, representing a single particle diffusing freely
on a lattice; (b) Exclusion process with hard-core (fermionic-type) interaction, where
each site can be occupied by at most one particle; (c) Zero-Range Process (ZRP)
with bosonic-type interaction, where the hopping rate depends solely on the number
of particles (mass) at the departure site; (d) Manna model, a sandpile-type system
with stochastic toppling and threshold dynamics; (e) Oslo model, another threshold-
driven system with bosonic interactions and center-of-mass conserving dynamics; (f)
Mass Chipping Model (MCM), which involves many-body continuous mass redistri-
bution without any threshold condition, unlike sandpile models.

1.2 Markov Processes

In the study of stochastic dynamics, theory of Markov processes provides a sim-
ple, but useful, framework for modeling systems, where constituents molecules or
atoms (or, “agents” in active matter systems) can be interacting with each other.
In a Markov process, one considers a space of configurations or “states”, where
the state of a system at the future (infinitesimal) time-step depends only on the
present state of the system, independent of the past trajectory [28, 29]. Many im-
portant models in statistical mechanics and mass transport—including exclusion
processes, threshold-activated (sandpile) models, and mass chipping models—can
be naturally formulated as continuous-time Markov processes. The time evolution
of dynamical quantities in such systems can be studied within either discrete-time
or continuous-time Markov process formulations. In both approaches, and their rel-
evance to nonequilibrium transport models, we consider a continuous-time Markov
process. For a continuous-time Markov process, the probability that the system
jumps from configuration n to configuration n′ during an infinitesimal time interval
dt is given by Wn′n, dt. The evolution of the probability Pn(t) of finding the system
in state n at time t is governed by the Master equation:

dPn(t)

dt
=
∑
n′ ̸=n

Wnn′Pn′(t)−
∑
n′ ̸=n

Wn′nPn(t). (1.1)

Here, Wnn′ denotes the transition rate from state n′ to state n. The first term
signifies the sum of all ‘gain’ processes (probability flux entering n from other states
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n′), while the second term represents all ‘loss’ processes (probability leaving n to
other states). The above Eq. 1.1 can be rewritten in a more compact, matrix-centric
form:

dPn(t)

dt
=
∑
k

WnkPk(t) (1.2)

where the transition rate matrix Wnk is defined as:

Wnk = Wnk − δnk
∑
n′

Wn′k.

The normalisation condition Wnn = −
∑

n′ ̸=nWn′n, ensures that each column of
the transition rate matrix W sums to zero. The solution of the master equation
mentioned in (1.2) is

Pn(t) = eWtP (0), (1.3)

where P (0) is the probability vector of the initial state.

Detailed balance condition

In the stationary state, the left-hand side of the master equation (Eq. (1.2)) vanishes,
which yields the condition ∑

k

WnkP
st
k = 0, (1.4)

where Wnk = Wnk − δnk
∑

ℓWℓn is the generator of the Markov process. This
condition ensures probability conservation and defines the stationary distribution
P st
k . For systems that satisfy the detailed balance condition, the dynamics are time-

reversible at the microscopic level. The condition implies that for any sequence of
three states a, b, and c, the product of forward transition rates around a loop equals
the product of the reverse transitions:

WabWbcWca = WacWcbWba. (1.5)

A more commonly used and direct form of the detailed balance condition relates the
transition rates and the stationary distribution:

WnkP
st
k = WknP

st
n . (1.6)

This implies that the probability current between any pair of configurations vanishes
in both directions, and there are no net loops in configuration space. In equilibrium
systems, the detailed balance condition is typically satisfied, and the stationary
distribution takes the form of the Boltzmann distribution:

P st
n =

1

Z
e−βEn , (1.7)

where En is the energy of configuration n, β = 1/(kBT ) is the inverse temperature,
and Z is the partition function. The transition rates Wnk in such systems are often
chosen to satisfy detailed balance with respect to this equilibrium distribution:

Wnk

Wkn

= e−β(En−Ek). (1.8)
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In contrast, for nonequilibrium systems, detailed balance is violated, and the
stationary state typically exhibits non-zero probability currents. These systems
cannot generally be described by a Boltzmann distribution, and their steady states
must be determined from the full master equation without relying on energy-based
principles.

1.3 Equilibrium mass-transport processes

In order to build an initial understanding of large-scale collective behavior in many-
body systems, it is natural to begin with equilibrium models. In such systems, the
dynamics eventually relax to a steady state that is well described by the principles of
equilibrium statistical mechanics. The defining feature of equilibrium models is that
the probability of finding the system in a microscopic configuration n is determined
solely by the energy E(n) of that configuration and the temperature of the thermal
reservoir with which the system is in contact. Formally, the steady-state probability
distribution is given by the Boltzmann–Gibbs measure,

P (Eq)(n) =
e−βE(n)

Z(β)
, (1.9)

where β = 1/kBT is the inverse temperature, kB is the Boltzmann constant, and
Z(β) is the partition function ensuring normalization. The partition function is
defined as Z(β) =

∑
n e

−βE(n), and it encodes all equilibrium thermodynamic in-
formation about the system. This formulation applies to systems in contact with a
single thermal bath at fixed temperature T . However, equilibrium models can also
be defined for isolated systems where the total number of particles is conserved,
without introducing temperature explicitly. In such cases, stochasticity arises not
from coupling to a thermal reservoir but from the dynamical rules of the model it-
self. Classic examples include random walks, the symmetric simple exclusion process
(SSEP), and the zero-range process, where the global particle density plays the role
of the controlling parameter. In these models, particles hop from site to site accord-
ing to prescribed stochastic rules, and the stationary measure can be characterized
without reference to a Hamiltonian or temperature.

Simple random walk

Let us begin with the classic random walk, the flagship model of stochastic motion
(see Fig. 1.1(a)). Consider a particle that, at every discrete time step, hops either
to the left or right with equal probability. If we denote the position of the walker at
time t by X(t) ∈ [0, L−1], and each step is independent, the dynamics are governed
by the recurrence relation:

P (X, t+ dt) =
1

2
P (X − 1, t) +

1

2
P (X + 1, t) (1.10)

where P (X, t) is the probability that the walker finds itself at position X at time
t, in a system size of L. This deceptively simple recurrence gives rise to diffusive
behavior and captures how randomness at the smallest scale can drive predictable
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macroscopic patterns. In the continuum limit, X/L → x and t/L2 → τ , the above
relation converges to the diffusion equation:

∂P (x, τ)

∂τ
= D

∂2P (x, τ)

∂x2
, (1.11)

with D = 1/2 is the bulk-diffusion coefficient for the symmetric random walk. The
general solution to the above diffusion equation for an initial distribution P (x, 0),
on an infinite domain, is:

P (x, τ) =
1√

4πDτ

∫ ∞

−∞
P (x′, 0) exp

(
−(x− x′)2

4Dτ

)
dx′ (1.12)

For an initial delta function at x = x0:

P (x, 0) = δ(x− x0)
the solution simplifies to:

P (x, τ) =
1√

4πDτ
exp

(
−(x− x0)2

4Dτ

)
. (1.13)

This solution represents the propagator of the diffusion process: the probability
distribution remains centered at the initial location x0, but spreads out over time
with a characteristic width (standard deviation) of σ(τ) =

√
2Dτ . This scale sets

the speed at which perturbations spread in the system, highlighting how random
microscopic motion can lead to universal macroscopic laws.

Symmetric Simple Exclusion Process

The Symmetric Simple Exclusion Process (SSEP) is one of the most fundamental
and widely studied models of stochastic transport in interacting particle systems.
It serves as a minimal model for diffusive dynamics with hard-core exclusion, where
particles hop randomly, but two particles cannot occupy the same site. Despite its
simplicity, the SSEP captures key features of interacting systems such as current
fluctuations, boundary-driven steady states, and hydrodynamic scaling.
Model: The SSEP is defined on a one-dimensional periodic lattice of L sites, where
each site i can be either empty or occupied by a single particle (see schematic
diagram Fig. 1.1(b)). The configuration of the system is specified by a set of
occupation numbers {m0,m1, . . . ,mL−1} with mi = 0 or 1. The dynamics proceed
as follows:

• Each particle attempts to hop to its left or right neighboring site with an equal
rate (typically set to 1).

• The hop is only successful if the target site is empty, enforcing the exclusion
principle.

• The total number of particles M =
∑

imi or global density ρ̄ = M/L is
conserved.
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It is worth noting that the SSEP model satisfies the detailed balance (DB) condition,
P st(C)WC′C = P st(C ′)WCC′ , where the steady-state distribution of a configuration
P st(C) is given by the Boltzmann weight. However, a nonequilibrium version of
the model can be realized by imposing an external density gradient at the system
boundaries, which induces a finite current in configuration space and thereby leads
to a violation of detailed balance in the bulk.

Diffusive relaxation: In the SSEP, the coarse-grained density field ρ(x =
X/L, τ = t/L2) = ⟨mX(t)⟩ evolves according to a diffusion equation,

∂ρ(x, τ)

∂τ
= D

∂2ρ(x, τ)

∂x2
, (1.14)

where the diffusion constant takes the value D = 1/2 for symmetric hopping rates.
This relation highlights that the SSEP exhibits purely diffusive behavior at large
scales. The associated particle current is given by Fick’s law, taking the linear form

j(d)(x, τ) = −D∇ρ(x, τ), (1.15)

which shows that the diffusive flux is proportional to the negative gradient of the
local density field.

Density correlations: Although the SSEP model involves nearest-neighbor
hard-core interactions (particles cannot overlap), its equal-time density correlations
can be computed exactly due to the simplicity of the steady state. The connected
density correlation function is defined as ⟨mimj⟩c = ⟨mimj⟩ − ρ̄2 where ρ̄ =M/L is
the average density. A straightforward combinatorial calculation gives

⟨mimj⟩c =

ρ̄(1− ρ̄), for i = j,

− ρ̄(1− ρ̄)
L− 1

, for i ̸= j.
(1.16)

Thus, correlations vanish between distinct sites in the thermodynamic limit (L →
∞), and only on-site fluctuations remain,

⟨mimj⟩c = ρ̄(1− ρ̄)δij. (1.17)

Structure factor: The static structure factor is defined as the Fourier transform
of the connected correlations,

S(q) =
1

L

L∑
i,j

eiq(j−i)⟨mimj⟩c. (1.18)

Substituting the correlation result, one finds that in the thermodynamic limit, the
structure factor is independent of q:

S(q) = ρ̄(1− ρ̄). (1.19)

This constant structure factor indicates that the SSEP is not hyperuniform: den-
sity fluctuations remain random and uncorrelated at large scales, as expected for a
system with a flat, product-measure steady state.
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Zero-Range Process (ZRP)

The Zero-Range Process (ZRP) is a paradigmatic stochastic model of mass or par-
ticle transport where hopping rates depend only on the departure site’s occupation.
Unlike exclusion processes (e.g., SSEP), it allows multiple particles per site, leading
to bosonic-type statistics and phenomena such as clustering and condensation. Due
to its simplicity, ZRP has been widely applied to model traffic jams, granular clus-
tering, wealth condensation, and nonequilibrium phase transitions in transport and
network systems [17, 30, 31].

Model: Consider a one-dimensional lattice of L sites, where each site i holds a
non-negative integer number of particles mi ∈ {0, 1, 2, . . . }. The total number of
particles M =

∑L
i=1mi is conserved. The dynamics are defined by the following

rule:

• A particle at site i attempts to hop to a neighboring site (e.g., to i + 1 or
i − 1) at a rate u(mi), which depends only on the number of particles mi at
the departure site.

• The hop is successful regardless of the occupation at the target site—hence
“zero-range” interaction.

The function u(m) is called the rate function, and its choice determines the quali-
tative behavior of the model.

Factorized Steady State: Let us consider P ({mi}, t) be the probability of
the system being in configuration {mi} = m1,m2, · · · ,mL−1 at time t. The time
evolution follows the master equation, typical of Markov processes. A remarkable
feature of the ZRP is that its stationary state often takes a factorized form:

P st({mi}) =
1

ZL,M

L∏
i=1

f(mi), (1.20)

where the weight function f(m) is related to the hopping rate as:

f(m) =
m∏
k=1

1

u(k)
, f(0) = 1, (1.21)

and ZL,M is the normalization (partition function) that ensures conservation of the
total mass M . This factorized steady state is a distinctive feature of ZRP and
makes it analytically tractable compared to many-body interacting systems with
spatial correlations.

Condensation Transition: For certain choices of rate functions, particularly
when u(m) decays slowly for large m (e.g., u(m) = 1 + b/m), the system exhibits
a condensation transition. In this phase, a finite fraction of the total mass accu-
mulates at a single site, while the rest of the system remains in a fluid phase with
a homogeneous background density. Moreover, it is a well-established result that
for the choice of hopping rate u(m) = 1 + b/m, the system exhibits condensation
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when the density exceeds the critical value ρ > ρc =
1
b−2

, provided b > 2. In this
context, it is important to note that the mass fluctuations ⟨m2⟩, which quantify
physical fluctuations in the system, diverge for 2 < b < 3, leading to anomalous
fluctuations. Therefore, in order to obtain the standard form of condensation with
finite fluctuations, one must consider densities above the critical point and restrict
to b > 3.

Density relaxation: The time evolution equation of the coarse-grained density
field ρ(x, τ) evolves according to the follwing equation,

∂ρ(x, τ)

∂τ
=
∂2u(x, τ)

∂x2
, (1.22)

where the effective diffusion coefficient is density-dependent and given by D(ρ) =
(1/2)(du/dρ), with u(ρ̄) = ⟨u(mi)⟩ = ⟨ui⟩ denoting the average hopping rate at
mean density ρ̄ [32]. Importantly, relaxation remains diffusive in the fluid phase;
however, the bulk diffusion constant differs from that of the SSEP model (where
D = 1/2). The corresponding diffusive current can be written as

⟨j(d)i (t)⟩ = −1

2
⟨ui+1(t)− ui(t)⟩, (1.23)

which highlights the density-dependent transport properties.

Density correlation: The ZRP exhibits density correlations that follow a struc-
ture analogous to those in the SSEP. Specifically, the connected two–point correla-
tion function takes the form

⟨mimj⟩c =
u(ρ̄)

2D(ρ̄)
δi,j, (1.24)

where u(ρ̄) is the average hopping rate at mean density ρ̄, and D(ρ̄) is the density-
dependent diffusion coefficient. This result indicates that correlations are purely
local, i.e., they vanish for i ̸= j. Consequently, the structure factor turns out to be
flat,

S(q) =
u(ρ̄)

2D(ρ̄)
, (1.25)

demonstrating that the system exhibits random, non-hyperuniform fluctuations in
its stationary state, similar to the SSEP model (see Eq. (1.19)).

1.4 Nonequilibrium Mass-Transport Processes

Nonequilibrium systems often involve local interactions and stochastic dynamics that
do not obey detailed balance, leading to rich and diverse steady states. The violation
of detailed balance can occur in several situations. For example, in a driven system
coupled to two heat baths at different temperatures T1 and T2, instead of a single
bath, a nonzero heat current flows through the system. Similarly, a density gradient
induces a particle current, while the application of an external field also drives the
system out of equilibrium. Apart from such external drives, there are examples of
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internally driven systems, such as the asymmetric exclusion process [33]. Another
class of examples is threshold-activated models, where the system can transition from
an absorbing state to an active state, but the reverse transition is not allowed—thus
clearly violating detailed balance [12, 18].

Continuous mass transport models, such as mass chipping models, provide further
examples where the number of possible configurations is unbounded, and detailed
balance is violated as well. In this work, we consider minimal nonequilibrium lattice
models to explore fundamental aspects of nonequilibrium steady states, fluctuations,
and phase transitions. Specifically, we focus on two broad classes: (i) continuous
mass transport models, such as mass chipping models[20, 34], and (ii) threshold-
activated models, such as the Manna and Oslo models.

Kipnis–Marchioro–Presutti (KMP) model

The Kipnis–Marchioro–Presutti (KMP) model was introduced in [15] as a mini-
malistic framework to study heat transport. In this model, each site i contains a
non-negative continuous mass (or energy) mi(t) ≥ 0. At each update step, a bond
(i, i + 1) is randomly chosen, and the total energy on the bond is redistributed: a
random fraction ξ ∈ U(0, 1) of the combined energy (mi+mi+1) is assigned to site i,
and the remainder (1−ξ)(mi+mi+1) is assigned to site i+1. We consider a periodic
system, such that the global density (or average energy per site) ρ̄ =

∑
imi/L is

conserved. Now, the transport coefficients of the model are known exactly: the bulk
diffusion constant D and the mobility (or conductivity) χ are

D =
1

2
; χ(ρ̄) =

ρ̄2

2
. (1.26)

Another simple feature of this model is that the steady-state density–density (or
energy–energy) correlation is short-ranged and takes the form

⟨mimj⟩c = ρ̄2δij. (1.27)

Thus, the KMP model displays qualitatively similar equilibrium properties to the
SSEP, but differs in its microscopic dynamics: unlike SSEP, the KMP model violates
detailed balance. Its simplicity, exact solvability, and nontrivial transport proper-
ties have made it a paradigmatic model for the study of nonequilibrium statistical
mechanics. A generalized version of this model is also studied in this thesis (see
Sec.2.4); importantly, the ζ = 0 limit of MCM III corresponds to the KMP model
(also see Table 2.13).

Mass Chipping Models (MCMs)

Mass Chipping Models (MCMs) describe the stochastic redistribution of a continu-
ous scalar quantity—interpreted as “mass”—on a lattice. The mass at each site i,
denoted by mi ∈ R≥0, evolves via local update rules in which a fraction of the mass
is “chipped off” and transferred to one or more neighboring sites. A typical rule is
as follows: at unit rate, a site i is selected. A fraction ξi of its mass is retained,
while the remaining portion, miξ̃i, is chipped off. This chipped mass may be frag-
mented into random parts and then redistributed to the neighboring sites, often in
a symmetric manner.
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Several variants of this general model have been investigated in the past, each
differing in the details of the chipping and redistribution dynamics [13, 34, 35].
Despite these differences, a unifying feature of MCMs is that the resulting diffusive
current has a simple gradient structure:

J i(d)(t) = D
[
⟨mi+ 1(t)−mi(t)⟩

]
, (1.28)

where D is the bulk diffusion coefficient. Importantly, D is constant, which is
independent of the global density, highlighting a key simplification in the transport
behavior of these models.

In addition to the current, other transport coefficients can also be computed
exactly. For instance, the density–density correlation functions exhibit nontrivial
spatial structure, even though the steady state remains exactly solvable. The mo-
bility factor is found to take the form

χ(ρ) = Const.ρ2, (1.29)

where the prefactor depends on the specific microscopic details of the model but not
on the density itself[34].

This combination of exact solvability and nontrivial correlations makes MCMs
a powerful framework for analyzing fluctuations in systems with conserved quanti-
ties. In particular, they provide an analytically tractable setting for studying hy-
drodynamic transport coefficients, fluctuation–dissipation relations, and statistics of
dynamic quantities like bond-current in both one and higher dimensions.

Threshold-Activated systems: The Manna and Oslo Models

Another important class of nonequilibrium systems consists of threshold-activated
models, where a discrete amount of mass or particles is redistributed only when
the local occupation exceeds a critical threshold. These models are central to the
study of self-organized criticality (SOC) and absorbing-state phase transitions. The
canonical example is the sandpile model, which was first introduced by Bak, Tang,
and Wiesenfeld (BTW) as a paradigmatic model of SOC and the origin of “1/f”
noise in nature [11]. In the BTW model, each active site topples deterministically
by transferring zc = 4 particles, one to each nearest neighbor in two dimensions.

Later, stochastic generalizations of particle transfer were proposed. The best-
known example is the Manna model [12], where particles are redistributed randomly
among neighboring sites during a toppling. This stochasticity gives rise to more
robust power-law scaling of avalanche distributions. Importantly, in systems with
periodic boundaries, the Manna model exhibits a well-defined absorbing-state phase
transition: there exists a critical particle density ρc below which the system evolves
into an absorbing state with no further activity, while for ρ > ρc the system remains
in an active steady state [36]. Near this transition, it is widely believed that the
model develops long-range correlations as the correlation length diverges; however,
this picture is not universally valid, particularly in higher dimensions where different
scaling behavior may emerge [37–39].
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The Manna Model. In the Manna model, each site i holds an integer number of
particles mi ∈ Z≥0. A site becomes active if mi ≥ 2, and it topples by transferring
exactly two particles to neighboring sites chosen at random. Due to this stochastic
redistribution, the only conserved quantity in the periodic system is the total den-
sity. Interestingly, additional conservation laws can emerge in special deterministic
variants of the model. For example, in one dimension, if two particles are deter-
ministically moved—one to the left neighbor and one to the right—then the system
acquires an extra conserved quantity, leading to distinct dynamical behavior [40].

Generalizations of the Manna model to higher dimensions, sometimes called con-
served Manna-class (CoMC) models, have also been explored, where mass transfer
along axial directions provides a natural extension of the threshold-activation mech-
anism. From a hydrodynamic perspective, these models exhibit a fundamentally
different transport structure than Mass Chipping Models. The diffusive current can
be expressed in terms of the gradient of the local activity field, â(r, t), as

J (d)
i (t) = ai(t)− ai+1(t). (1.30)

Here, the gradient is taken of a non-conserved quantity (the activity), in contrast
with MCMs where it is the mass itself. This lack of a purely conservative gradient
structure makes the model far more challenging to treat analytically. Nevertheless,
with suitable approximations, significant progress has been made in deriving coarse-
grained hydrodynamic descriptions for density and current fluctuations [36, 41, 42].

The Oslo Model. The Oslo model, originally proposed to describe granular pile
experiments, represents another archetype of threshold-activated dynamics. Unlike
the Manna model, particle transfer in the Oslo model is deterministic: when a
site topples, it transfers one grain to a nearest neighbor. The stochasticity instead
arises from the local threshold, which is redrawn randomly after each toppling event.
Concretely, a site i becomes active when its local height mi exceeds its threshold
mc ∈ {2, 3}, after which mc is reset randomly.

Despite its simplicity, the Oslo model captures several hallmark features of self-
organized criticality: scale-invariant avalanche statistics, nontrivial spatiotemporal
correlations, and critical fluctuations without fine-tuning of parameters. Most no-
tably, its dynamics are density-conserving, which leads to the emergence of hyper-
uniformity—a remarkable state of matter in which large-scale density fluctuations
are strongly suppressed. This is quantified by the static structure factor,

S(q) ∼ qα, (1.31)

where α > 0 characterizes the degree of hyperuniformity. In the Oslo model, nu-
merical studies have reported α ≃ 0.5 at criticality [43], while away from criticality
α ≃ 2.0 [44]. Consequently, the Oslo model is hyperuniform across all densities, in
agreement with broader theoretical considerations on hyperuniform systems [4, 45].

1.5 Hyperuniformity

The concept of hyperuniformity, also referred to as “superhomogeneity,” was origi-
nally introduced in the context of static systems, where the suppression of large-scale
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GNF Random Class III Class II Class I

α = 0 α

Figure 1.2: Schematic two-dimensional point patterns illustrating different fluctua-
tion regimes: Class I (strong hyperuniformity), Class II (marginal hyperuniformity),
Class III (weak hyperuniformity), Random (Poisson), and Anti-hyperuniform or gi-
ant number fluctuations(GNF).

density fluctuations gives rise to unusual structural properties intermediate between
crystalline order and disordered phases [2, 4, 45]. Hyperuniform systems are char-
acterized by anomalously reduced density fluctuations at long wavelengths. Unlike
typical disordered systems (such as gases and liquids), which exhibit random fluctu-
ations at all scales, hyperuniform systems display long-range order without periodic
crystalline symmetry. Such exotic states of matter have been observed across diverse
natural and biological systems, including vein patterns in leaves [5], the photorecep-
tor arrangement in the chicken retina [6], and cellular structures in biological tissues
[46–48].

In general, fluctuations in static systems can be quantified through the structure
factor S(q). In the thermodynamic limit, at small wave numbers |q| → 0, the struc-
ture factor typically follows a power-law form, S(q) ∼ qα, where the exponent α
characterizes the nature of fluctuations. For instance, α = 0 corresponds to ran-
dom (Poissonian) fluctuations, while α < 0 indicates the presence of giant number
fluctuations (GNF) [49] (see schematic of two dimensional points pattern in 1.2).
Mathematically, hyperuniformity is defined by the condition

lim
q→0

S(q) = 0,

which signifies the vanishing of density fluctuations at the largest length scales.
Equivalently, in real space, the number variance within a spherical observation win-
dow of radius R grows more slowly than the window volume, scaling as Rd−1 (with
spatial dimension d), in contrast to the Rd scaling expected for typical disordered
systems. Based on the rate at which S(q) vanishes as |q| → 0, hyperuniform systems
are further classified into three types:

• Class I: S(q) ∼ |q|α with α > 1. Found in crystals and quasicrystals; number
variance grows as Rd−1.

• Class II: S(q) ∼ |q|, corresponding to marginal suppression; Var[N(R)] ∼
Rd−1 logR.

• Class III: S(q) ∼ |q|α with 0 < α < 1; the suppression is weaker but still
sub-Poissonian.

Dynamical Hyperuniformity: In the temporal scale, one can also define a dy-
namical version of hyperuniformity, which concerns the fluctuations of dynamical
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observables in extended nonequilibrium systems. Dynamical hyperuniformity usu-
ally refers to the suppression of fluctuations of time-integrated or temporally coarse-
grained quantities. These observables can be chosen depending on the physical
system under study, such as the dynamical structure factor, the activity field, or
time-integrated particle currents. A particularly illustrative case is that of the time-
integrated bond current, defined as

Qi(T ) =
∫ T

0

Ji(t) dt, (1.32)

where Ji(t) is the instantaneous current across a bond (i, i+ 1) at time t, and T is
the observation time. The variance of Qi(T ) at large time (T > L2) typically grows
as a power law in T :

⟨Q(T )2⟩ ∼ T λ, (1.33)

with this exponent λ, determine the nature of dynamic fluctuations in the system. In
conventional diffusive systems, one expects λ = 1, corresponding to normal scaling of
fluctuations with time (i.e. diffusive fluctuations obeying the central limit theorem).
However, when the exponent satisfies

0 ≤ λ < 1, (1.34)

the fluctuations grow sublinearly with T , indicating a suppression of temporal fluctu-
ations relative to ordinary diffusive behavior. This regime is referred to as dynamical
hyperuniformity [50].

From a theoretical perspective, dynamical hyperuniformity can be understood
as the temporal analogue of static hyperuniformity: while the latter describes the
anomalous suppression of fluctuations in the static structure factor S(q) as q → 0,
the former characterizes anomalously small fluctuations of dynamical observables in
the long-time limit T →∞. This analogy provides a unifying language to describe
fluctuation suppression both in spatial and temporal domains, and suggests deep
links between nonequilibrium dynamics, conservation laws, and universality classes.

1.6 Macroscopic Fluctuation Theory (MFT)

Fluctuating Hydrodynamics: The macroscopic time evolution of fluctuations in
interacting many-body systems is often described within the framework of fluctuat-
ing hydrodynamics [51, 52]. At large length and time scales, only the slow modes as-
sociated with conserved quantities survive, while non-conserved fields decay rapidly.
For instance, if the particle number is conserved, the relevant hydrodynamic field is
the density, denoted by ρ(x, t). Conservation of total density imposes the continuity
equation,

∂ρ(x, t)

∂t
+
∂J (x, t)
∂x

= 0, (1.35)

where J (x, t) represents the local fluctuating current. In fluctuating hydrodynamics,
for a large system of size L, the current is typically decomposed as

J (x, t) = −D(ρ(x, t))
∂ρ(x, t)

∂x
+ ξ(x, t), (1.36)
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where D(ρ) is the density-dependent diffusion coefficient, and ξ(x, t) is a stochastic
noise term accounting for microscopic fluctuations. This noise is generally assumed
to be Gaussian and delta-correlated (white noise):

⟨ξ(x, t)⟩ = 0, ⟨ξ(x, t) ξ(x′, t′)⟩ = 2χ(ρ(x, t))

L
δ(x− x′) δ(t− t′). (1.37)

Here, χ(ρ) is the mobility (or noise strength), which together with D(ρ) satisfies
a fluctuation–dissipation relation in equilibrium systems, while in nonequilibrium
contexts it plays a central role in governing large-scale fluctuations; here L is the
size of the original microscopic system. Taking the ensemble average of Eq. (1.36),
the fluctuating contribution vanishes, yielding the deterministic diffusive current

⟨J (x, t)⟩ = −D(ρ(x, t)) ∂xρ(x, t), (1.38)

which corresponds to Fick’s law of diffusion. This simple structure underlies the
hydrodynamic description of a wide range of stochastic lattice gases and nonequi-
librium systems. Apart from taking an ensemble average, one can also consider the
space-time averaged current. This is defined as

qτ =

∫ 1

0

dx

∫ τ

0

J (x, τ ′) dτ ′, (1.39)

which represents the total integrated current over both spatial and temporal do-
mains. The fluctuations of this space-time averaged current can be directly obtained
from the noise correlations in Eq. (1.37), yielding

⟨q2τ ⟩ =
2χ(ρ)

L
τ. (1.40)

This result shows that the variance of the integrated current grows linearly with
the averaging time τ , with a prefactor determined by the noise strength χ(ρ) and
system size L. Furthermore, this expression is directly related to the microscopic
bond current fluctuations. Specifically, one finds

⟨Qi(T )2⟩ = L2⟨q2τ ⟩ =
2χ(ρ)

L
T, (1.41)

which recovers the asymptotic scaling form of bond-current fluctuations discussed
earlier with i = xL and T = τL2. A microscopic derivation of this result has been
obtained explicitly for mass-chipping models in the large-system limit (see Eq. (2.60)
in Chapter 2).

Macroscopic Fluctuation Theory (MFT): The central aim of the MFT is
to provide a unified framework for describing fluctuations and large deviations in
nonequilibrium systems with conserved quantities, such as mass or particle number.
It generalizes the ideas of fluctuating hydrodynamics by systematically incorporating
both the deterministic evolution of conserved fields and their stochastic deviations.

In particular, under the assumption of local equilibrium, the density field in a
small interval (x, x + ∆x) can be represented by a smooth density profile ρ(x, τ),
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together with an associated current profile J (x, τ). The probability of observing
such a path can be expressed as

P [ρ(x, τ)|ρ(x, τ0)] ∼
∫
DJ Dρ exp

(
− L

∫ 1

0

dx

∫ τ

τ0

dτ ′
(
J +D(ρ) ∂xρ

)2
4χ(ρ)

)
,

(1.42)

given an initial profile ρ(x, τ0). The above expression can also be written in terms
of a large deviation principle as

P [ρ(x, τ)|ρ(x, τ0)] ∼ e−LF(ρ(x,τ)),

where F is the large deviation functional, often interpreted as a nonequilibrium free
energy functional that quantifies deviations from typical hydrodynamic behavior.
Analogously, for time-integrated bond current, Qi(T )/T = q/L, the distribution
follows

P
(
Qi(T )
T

=
q

L

)
∼ e−τLI(q), (1.43)

where I(q) is the rate function, characterizing the large deviations of current fluctu-
ations. The symmetry of the rate function is constrained by the fluctuation theorem,

I(q)− I(−q) = lim
τ→∞

1

τ

∫ 1

0

dx

∫ τ

0

dτ ′
J ρ′D(ρ)

χ(ρ)
. (1.44)

Thus, on a hydrodynamic scale, the MFT not only predicts the average hydrody-
namic behavior but also determines the full distribution of dynamical fluctuation
variables such as density and current through their large deviation functions. This
framework has been successfully applied to a wide variety of many-body systems
under different boundary conditions [52–55].

However, the short-time behavior cannot be predicted through the MFT formal-
ism. Moreover, the direct application of MFT has not yet been rigorously established
for hyperuniform systems. In this thesis, we have provided a microscopic dynamical
approach, which not only derives the hydrodynamic behavior, but also captures the
fluctuations, thus providing a suitable formulation a fluctuating hydrodynamic (the
MFT-like) framework for such systems. In particular, for center-of-mass–conserving
systems, the mobility χ(ρ) “vanishes” [44, 56], leading to the breakdown of the stan-
dard MFT formalism. This remains an open problem. In this thesis, while we are
able to compute the second moment of current fluctuations for both hyperuniform
and non-hyperuniform systems, obtaining the full current distribution remains a
significant and unsolved challenge.

1.7 Outline of the thesis

Provided below is a brief chapter-wise outline of the remainder of the thesis.

Chapter 2: We study steady-state dynamical fluctuations of currents and mass
in several variants of random average processes on a periodic lattice of L sites.
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These processes generically violate detailed balance in the bulk and exhibit nontriv-
ial spatial structure: their steady states are not governed by a Boltzmann–Gibbs
measure and can display finite-range correlations. Using a fully microscopic ap-
proach, we exactly compute the second cumulants (variances) of time-integrated
currents, ⟨Q2

i (T )⟩c across a single bond i and ⟨Q2
sub(l, T )⟩c across a subsystem of

size l, as well as the two-point dynamic correlation function for subsystem mass.
In particular, for large L ≫ 1, we show that the variance ⟨Q2

i (T )⟩c of cumula-
tive bond current grows linearly, ∼ T , at short times T ∼ O(1), subdiffusively
as ∼ T 1/2 in the intermediate window 1 ≪ T ≪ L2, and crosses back to lin-
ear diffusive growth ∼ T for long times T ≫ L2. The scaled subsystem current
cumulant lim l→∞, T →∞⟨Q2

sub(l, T )⟩c/2lT converges to the density-dependent
mobility χ(ρ) when the subsystem-size limit is taken before the large-time limit, but
vanishes if the limits are reversed. Strikingly, the bond-current variance admits a
universal scaling form: the rescaled quantity D⟨Q2

i (T )⟩c/2χL ≡ W(y) depends only
on the scaled time y = DT/L2, with D the bulk diffusion constant. This single scal-
ing functionW(y) seamlessly connects the subdiffusive and diffusive growth regimes.
Power spectra of current and mass fluctuations are likewise determined exactly and
expressed in terms of associated scaling functions. Finally, we derive microscopic
analogues of equilibrium Green–Kubo and Einstein relations, establishing exact con-
nections between steady-state current fluctuations, the operational mobility (defined
via response to an external field), and subsystem mass fluctuations.

Chapter 3: We investigate steady-state static and dynamic properties of a broad
class of mass transport processes defined on a periodic hypercubic lattice of volume
Ld, where both the total mass and the center of mass (CoM) are conserved, while
detailed balance is violated in the bulk. Our focus is on models in one and two spa-
tial dimensions (d = 1, 2). Using an exact microscopic approach, we determine the
decay (or growth) exponents of several key dynamic and static correlation functions.
Although the additional constraint imposed by CoM conservation (CoMC) restricts
the dynamics, we demonstrate that density relaxation remains diffusive. However,
the fluctuation properties show striking deviations from systems with only a single
(mass) conservation law: both static and dynamic fluctuations are significantly sup-
pressed, leading in some cases to extreme (“class-I”) hyperuniformity. In the thermo-
dynamic limit, the long-time growth of the variance ⟨Q2(T )⟩c of the time-integrated
bond current Q(T ) across a bond is found to follow ⟨Q2(T )⟩c ≃ A1T+A2+A3T

−d/2.
We exactly determine the exponents that govern the small-frequency behavior of
the current power spectrum, SJ(f) ≃ A1 + Const.fψJ , with ψJ = 3/2 in d = 1
and ψJ = 2 in d = 2. Correspondingly, the unequal-time bond current correlations
decay as t−5/2 in d = 1 and t−3 in d = 2. Interestingly, for certain parameter regimes
and dimensions, the prefactor A1 vanishes, resulting in the eventual saturation of
current variance − an indication of class-I dynamic hyperuniformity. Finally, we
compute the static structure factor S(q), which exhibits a quadratic dependence on
the wave number, S(q) ∼ q2 in the small-q limit. This confirms the emergence of
class-I spatial hyperuniformity in CoM-conserving transport processes.

Chapter 4: We demonstrate that lattice models in d > 1 dimensions with mass
conservation and multidirectional hopping dynamics display robust power-law corre-
lations for generic parameter choices, persisting even far from any phase transition (if
present). The central mechanism behind this algebraic decay is the multidirectional
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hopping process, where multiple chunks of mass or particles can simultaneously
leave a site in different directions, thereby breaking detailed balance. The models
studied are continuous-time Markov processes that remain diffusive, spatially homo-
geneous, and lattice-rotation symmetric, with no net mass current. By combining
hydrodynamic arguments with exact microscopic analysis, we show that in d > 1 the
steady-state density–density and “activity”–density correlations universally decay as
∼ 1/rd+2 at large separations r = |r|. Moreover, we compute the precise amplitude
of this decay for several models, expressed in terms of the density-dependent diffu-
sion coefficient and mobility tensor. Our framework, in particular, elucidates how
centre-of-mass–conserving dynamics − relevant for disordered hyperuniform states
of matter − naturally give rise to such long-ranged correlations.

Chapter 5: In this chapter, we conclude the thesis with a summary of the
models studied, their fluctuation properties, and the implications in the broader
context of nonequilibrium statistical mechanics of driven systems in general.
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2
Dynamical properties of mass

chipping models

2.1 Introduction

Characterizing static and dynamic properties of mass (or energy) transport pro-
cesses is a fundamental problem in nonequilibrium statistical physics; it helps de-
velop a simple theoretical understanding of a variety of natural phenomena involving
rather complex many-body interactions among constituents that facilitate transport
of mass in a far-from-equilibrium setting. Such processes are abundant in nature
and manifest themselves in cloud formation [23], heat conduction [15], propagation
of forces in granular media [24, 57], river network formation [25], self-assembly of
lipid droplets on cell surfaces [26], traffic flow [27], and wealth distribution in a
population [21, 58, 59], among others. Minimal lattice models, which were widely
studied in the literature to understand transport in interacting-particle systems, are
those of simple exclusion processes (SEPs) and zero-range processes (ZRPs). An-
other class of models, which has drawn significant attention in the past, is that of
the conserved-mass transport processes, also called mass chipping models (MCMs),
where mass is probabilistically transferred from one site to another (usually either
of the nearest neighbor ones) [13–15, 20, 24, 34, 57, 60, 61]; indeed some of these
models are related to random average processes (RAPs) [16], which have also gener-
ated a lot of interest. Interestingly, the steady-state measures of MCMs on a closed
geometry, unlike that for SEPs and ZRPs, violate detailed balance, are not usually
described by the equilibrium Boltzmann-Gibbs distribution, and, in most cases, are
a-priori not known. Indeed, these processes are inherently driven out of equilibrium

This chapter is based on the paper, Dynamic fluctuations of current and mass in
nonequilibrium mass transport processes, Animesh Hazra, Anirban Mukherjee and Pun-
yabrata Pradhan, J. Stat. Mech.: Theory Exp. 2024(8), 083205.
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and generate nontrivial spatial structures, where there can be nonzero (finite) spa-
tial correlations present in the systems, thus making exact dynamic characterization
of the steady state a challenging problem.

Recently, a theoretical framework for driven diffusive systems, known as macro-
scopic fluctuation theory (MFT) [52, 54], has been developed for studying fluctua-
tions of coarse-grained (hydrodynamic) variables such as density ρ(x, τ) and current
j(x, τ), where x and τ are suitably rescaled position and time, respectively. The
MFT is a generalization of the Onsager-Machlup theory of near-equilibrium sys-
tems to the theory of far-from-equilibrium ones [62, 63]. Its main ingredients are
the density-dependent transport coefficients, namely the bulk-diffusion coefficient
D(ρ) and the mobility χ(ρ) (equivalently, the conductivity), which govern density
relaxation and current fluctuation on macroscopic scales [55, 64–66]. Despite a sim-
ple prescription of the MFT, calculating the transport coefficients as a function of
density and other parameters is difficult, especially for many-body systems, where
spatial correlations are nonzero. The difficulty stems primarily from the fact that
the averages of various observables, which are necessary to calculate the transport
coefficients, must be computed in the nonequilibrium steady state, which is not de-
scribed by the Boltzmann-Gibbs distribution and, moreover, is not explicitly known
in most cases. Perhaps not surprisingly, apart from SEPs [33, 67–72] and ZRPs [10,
73], which have a product-measure steady state [74], there are very few examples
of exact microscopic characterization of dynamic fluctuations in interacting-particle
systems.

Of course, MCMs, which constitute a paradigm for out-of-equilibrium many-body
systems, are an exception. Indeed, because they could be analytically tractable,
MCMs provide a level playing field for exact microscopic calculations of various
time-dependent quantities, such as static density correlations and dynamic tagged-
particle correlations, which have been extensively explored in the past [14, 34, 75].
However, except for the Kipnis-Marchioro-Presutti (KMP)-like models [76, 77] and
the SEP [78], which satisfy detailed balance, rigorous microscopic characterization
of the precise quantitative connection between fluctuation and transport have not
been done for nonequilibrium mass-transport processes having nontrivial spatial
structures in the bulk. Indeed, it would be quite interesting to relate the microscopic
dynamic properties of mass and current to the macroscopic transport coefficients and
thus to derive the MFT [54] for such models from “first-principles” calculations.

In this chapter, by using a microscopic approach, we exactly calculate steady-
state dynamic correlations for subsystem current and mass in a broad class of one-
dimensional mass-chipping models (MCMs) on a ring of L sites. In these models,
a site i is associated with a continuous variable, called mass, mi ≥ 0, where the
total mass in the systems remains conserved. With some specified rates, a certain
fraction of mass at a site gets fragmented or chipped off from the parent mass,
diffuses symmetrically, and coalesces with mass at one of the nearest neighbor sites.
The MCMs have been intensively studied in various contexts in the past decades [13,
14, 20, 34, 75, 79], and some of their variants can be mapped to a class of transport
processes, called the random averaging processes (RAPs) [16], which can be related
to the so called Hammersley process [19]. Note that, for symmetric transfer (i.e.,
diffusion) of masses, although there is no net mass flow in the steady state on a ring
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geometry, the probability currents in the configuration space can still be nonzero
and the Kolmogorov criteria for equilibrium can be shown to get violated [80]. As
mentioned before, despite the steady-state measures for generic parameter values
are not known [13, 14, 20, 75], the MCMs are amenable to exact theoretical studies.
For example, the spatial correlation function of mass has been exactly calculated
before in some of the variants of MCMs [14, 20, 60, 81, 82]. Furthermore, the
mean-squared fluctuation of the position of a single tagged particle as well as the
dynamic correlations of two tagged particles in related models - the RAPs - have
been calculated exactly using microscopic and hydrodynamic calculations [82–84].

The primary focus of our study is the cumulative time-integrated currents -Qi(T )
and Qsub(l, T ) in a time interval [0, T ] across a bond (i, i+1) and a subsystem of size
l, respectively, in the steady state. We exactly calculate the second cumulant, or
the variance, of bond current ⟨Q2

i (T )⟩c = ⟨Q2
i (T )⟩ − ⟨Qi(T )⟩2 as a function of time

T and show that the second cumulant exhibits three distinct temporal behaviors
(note that, on a periodic domain, ⟨Qi(T )⟩ = 0 in the steady state and therefore
⟨Q2

i (T )⟩c = ⟨Q2
i (T )⟩). Initially, for small times T ≪ 1/D, the temporal growth of

the current cumulant is linear in time T , where D is the bulk-diffusion coefficient (a
constant). For moderately large times, i.e., for 1/D ≪ T ≪ L2/D with L being the
system size, the temporal fluctuation grows subdiffusively, having a T 1/2 growth.
Finally, at very large times T ≫ L2/D, the growth again becomes linear in time.
We find that, even in the presence of nonzero spatial correlations, the qualitative
behavior of the current fluctuations, except for the prefactors, have characteristics,
which are similar to that in the SEP. Remarkably, independent of the details of
the mass-transfer rules of the models, the suitably scaled bond-current fluctuation
⟨Q2

i (T )⟩D/2χL, with χ(ρ) being the density-dependent (collective) particle mobility,
as a function of the scaled time y = DT/L2, which is finite while T, L ≫ 1, can
be expressed in terms of a universal scaling function W(y). The scaling function is
exactly calculated and is shown to have the following asymptotic behavior,

W(y) =

{
(y/π)1/2 for y ≪ 1,

y for y ≫ 1.
(2.1)

This demonstrates that the intermediate-time T 1/2 and long-time T growths of bond-
current fluctuation, quite interestingly, are connected through a single scaling func-
tion W(y). Furthermore, we show that the two-point correlation for the instan-
taneous current as a function of time t has a delta-correlated part at t = 0 and a
long-ranged (power-law) negative part, which decays via a t−3/2 power law. The cor-
responding power spectrum of current SJ (f) is calculated analytically and it exhibits
a low-frequency power-law behavior f 1/2 in the frequency regime D/L2 ≪ f ≪ 1.
Similarly, the power spectrum SMl

(f) for subsystem mass is calculated exactly and
is shown to have a low-frequency power-law divergence f−3/2. We have also calcu-
lated the scaling functions when the rescaled power spectra for current and mass
are expressed in terms of the scaled frequency fL2/D.

Next, by using “first-principles” microscopic dynamical calculations, we rigor-
ously establish a nonequilibrium fluctuation relation between scaled subsystem mass
and space-time integrated current fluctuations in the steady state. We calculate the
scaled fluctuation of the cumulative current Qsub(l, T ), summed over a subsystem
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of size l and integrated up to time T . We show that, in the steady state, the
scaled second cumulant or the variance ⟨Q2

sub(l, T )⟩c = ⟨Q2
sub(l, T )⟩ − ⟨Qsub(l, T )⟩2

of subsystem current converges to the density-dependent particle mobility χ(ρ), i.e.,

σ2
Q ≡ lim

l→∞,T→∞

⟨Q2
sub(l, T )⟩
lT

= 2χ(ρ), (2.2)

where we have used ⟨Qsub(l, T )⟩ = 0 in the steady state and taken the infinite
subsystem-size limit l→∞ first, followed by the infinite time limit T →∞; notably,
in the opposite order of limits, the left-hand side of the above equation simply
vanishes. By explicitly calculating the scaled subsystem mass fluctuation σ2

M =
liml→∞⟨∆M2

l ⟩/l, where ⟨∆M2
l ⟩ = ⟨M2

l ⟩ − ⟨Ml⟩2 is the fluctuation of mass in a
subsystem of size l, we then derive a nonequilibrium fluctuation relation between
mass and current fluctuations,

σ2
M =

σ2
Q

2D
, (2.3)

which is a modified version of the celebrated Einstein relation for equilibrium sys-
tems. Furthermore, provided there is a small biasing force F̃ (suitably scaled), which
generates a drift current Jdrift = χop(ρ)F̃ along the direction of the force, we derive
a nonequilibrium version of the Green-Kubo-like fluctuation-response relation,

χop(ρ) ≡
[
∂Jdrift

∂F̃

]
F̃=0

=
σ2
Q

2
; (2.4)

the above relation directly connects the “operational mobility” or, equivalently, the
response to an applied force, to the current fluctuations in the nonequilibrium steady
state.

2.2 Models

In this section, we consider a class of conserved-mass transport processes, where
(continuous) masses get chipped off and diffuse to neighboring sites with constant
rates. These models are an example of interacting many-body systems, which have
nontrivial spatial structure in the bulk and belong to the generalized versions of the
well-known random average processes (RAPs), which have been intensively studied
throughout the past decades. The original version of these model systems was first
introduced by Ferrari and Fontes in Ref. [16] and its variants were then studied in
Ref. [14] by Rajesh and Majumdar and in Ref. [20] by Krug. Later on, in Refs.
[13, 85], these models have been further generalized to several other variants. In
this chapter, we collectively call these transport processes as mass chipping models
(MCMs).

An important defining characteristic of MCMs is that the mass-chipping rate
depends on neither the destination nor the departure sites. As we discuss later, this
has some simplifying consequences for the hierarchy of correlation functions (two-
point and higher-order ones), which closes because the local diffusive current is linear
in local mass variables [see the “linearity property” in eq. (2.11)]. Moreover, MCMs
have an interesting feature that the variance of subsystem mass is proportional
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to the square of the mass density, leading to a remarkable (static) property that
the subsystem mass distributions, irrespective of dynamical details, have a form of
gamma distribution [13, 14, 20, 85, 86]. However, dynamic fluctuation properties of
mass and current in MCMs remain largely unexplored and are investigated here.

To this end, we consider three widely-studied variants of mass chipping models
- MCM I, MCM II, and MCM III, which differ in the details of their microscopic
dynamics, but the total mass in the system for all three variants remains conserved.
We define the models on a one-dimensional periodic lattice with sites labeled by
i = 0, 1, · · · , L − 1. A continuous mass variable mi ≥ 0 is associated with a site
i, with the total mass M =

∑L
i=0mi being conserved. In Fig. 2.1, we present

schematic diagrams that represent the underlying microscopic dynamics of these
three models. The continuous-time dynamical update rules are provided below.

MCM I: A site i is updated with unit rate, where the following events of frag-
mentation and chipping take place at the site. During the fragmentation process, a
(constant) ζ fraction of mass mi is retained at the site, while ζ̃ = 1− ζ a fraction of
mass mi is chipped off. Subsequently, a random fraction ξi of the chipped-off mass,
ζ̃miξi, is then transferred to the right nearest neighbor, while the remaining frac-
tion of the chipped-off mass, ζ̃mi(1− ξi), is transferred to the left nearest neighbor.
Here ξi ∈ [0, 1] is independent and identically distributed (i.i.d.) random variables,
having a uniform distribution. For convenience, we also define ξ̃i = 1− ξi, which is
used throughout. This class of models have been considered, e.g., in Refs. [13, 34,
86].

MCM II: A site i is updated with unit rate, where ζ fraction of mass at the
site is retained, while ζ̃ = 1− ζ fraction of mass is chipped off. Then a random frac-
tion ξi of the chipped-off mass, ζ̃miξi, is transferred either to the left or to the right
neighbor, with an equal probability 1/2. The remaining fraction of the chipped-off
mass, ζ̃mi(1− ξi), is subsequently deposited back to site i. This class of models has
been considered, e.g., in Refs. [14, 20, 85].

MCM III: A bond (i, i + 1) is updated with unit rate, where remixing of masses
at the bond takes place as follows. A fraction ζ̃ = 1− ζ of mass is chipped off from
each of the sites at the chosen bond, i.e., ζ̃mi and ζ̃mi+1 from the sites i and i+ 1,
respectively, are chipped off. Subsequently, a random fraction, ξi, of the combined
chipped-off masses is transferred to site i+1, while the ξ̃i = 1− ξi fraction is trans-
ferred to site i. This class of model has been considered, e.g., in Refs. [15, 21, 58,
59]. Note that MCM III with ζ = 0 is the celebrated Kipnis-Marchioro-Presutti
(KMP) model [15].

These models, except some specific parameter values, do not satisfy detailed
balance [80], and the steady-state microscopic weights are not known. Indeed, it is
possible to generalize the above models to several other variants, such as finite-range
mass-chipping models, where mass can be transferred to a certain, say 2K, number
of neighboring sites. However, as long as the mass-chipping rate is constant, all
these variants will have similar large-scale dynamical properties, and, for simplicity,
we confine ourselves to the MCMs with K = 1.
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Figure 2.1: Schematic representation of the mass-chipping models MCM I, MCM II,
and MCM III: (a) In MCM I, a site i on a periodic lattice (shaped as a dark oval)
having mass mi (dark violet), retains a fraction ζ of its mass (dark violet), while a
random fraction ξi of the chipped-off mass (green) migrates to the right neighbor,
and the remaining fraction of the chipped mass(red) moves to the left side. (b) In
MCM II, a random fraction ξi of chipped-off mass(red) moves either left or right
nearest neighbor with equal probability, while the rest of the chipped mass(green)
is deposited back to the same site i. (c) In MCM III, a fraction equivalent to 1− ζ
of the mass (blue) is chipped off from sites i and i + 1. This extracted mass is
then recombined and subsequently redistributed in a way such that site i receives a
random fraction of 1− ξi (red), while site i+ 1 acquires a fraction of ξi (green).

2.3 Theory: MCM I

In this section, we study in detail the first variant of mass chipping models (MCM I)
on a periodic one-dimensional lattice of size L; for the other models (MCMs II and
III), we briefly discuss the results, which can be derived following the techniques
developed in this section. We define local mass density as ρi(t) = ⟨mi(t)⟩ at site i
and time t, while the global density is defined as ρ̄ =M/L. Notably, unlike in MCMs
II and III, a site in MCM I is stochastically updated in a way that simultaneously
impacts its two immediate neighbors; this particular update rule results in nonzero
spatial correlations in the system. We now explicitly write down the stochastic
update rules for mass mi(t) at site i and time t during an infinitesimal time interval
(t, t+ dt),

mi(t+ dt) =



event prob.

mi(t)− ζ̃mi(t) dt

mi(t) + ζ̃ξi−1mi−1(t) dt

mi(t) + ζ̃ ξ̃i+1mi+1(t) dt

mi(t) (1− 3dt),

(2.5)

where ξj ∈ (0, 1) is a random variable, which, for simplicity, is taken to be uniformly
distributed; generalization of the results to other distributions is straightforward.
Using the above dynamical update rules, the time-evolution of local mass can be
written as

d

dt
⟨mi(t)⟩ = D(ζ) (⟨mi−1(t)⟩ − 2 ⟨mi(t)⟩+ ⟨mi+1(t)⟩) , (2.6)
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where D(ζ) = ζ̃/2 is the bulk-diffusion coefficient for MCM I. Note that the bulk-
diffusion coefficient D is independent of density, leading to some important simpli-
fications in the hierarchy for mass and current correlation functions, which, as we
show later, actually close.

2.3.1 Definitions and notations

At this point, we introduce time-integrated bond current Qi(t), which is the cu-
mulative current across the bond (i, i + 1) in a time interval (0, t). The current
across the ith bond during an infinitesimal time interval [t, t + dt] is Ji(t)dt, where
instantaneous bond current is defined as

Ji(t) ≡
dQi(t)
dt

, (2.7)

and therefore we simply have

Qi(t) =
t∫

0

dt′Ji(t′). (2.8)

We must mention here that, throughout the chapter, we consider statistics of current
(and mass) in the steady state only. That is, we start at an initial time t = −∞, wait
for the system to settle into its steady state, and then we start measuring current
and mass, say, at time t = 0.

We can express eq.(2.6), the time-evolution equation for local density ρi(t) =
⟨mi(t)⟩, in terms of a (discrete) continuity equation,

d

dt
ρi(t) = ⟨Ji(t)− Ji+1(t)⟩. (2.9)

It is useful to decompose the instantaneous bond current as the sum of a diffusive
component J (d)

i (t) and a fluctuating component J (fl)
i ,

Ji(t) = J (d)
i (t) + J (fl)

i (t), (2.10)

where we identify the diffusive current to be

J (d)
i (t) ≡ D(ζ)

[
mi(t)−mi+1(t)

]
. (2.11)

Here, it is important to note that the bulk-diffusion coefficient D(ζ) depends only
on the chipping parameter ζ, not on density ρ. Not only does the model possess
the so-called “gradient-property” [54], but also the local diffusive current, which is
proportional to the (discrete) gradient of mass, is actually a linear function of local
mass variables. This “linearity property” applies even to other variants of MCMs,
such as the finite-range versions discussed in the model section. Indeed, as shown
later in the calculation scheme, the aforementioned linearity property is crucial for
ensuring a linear structure for mass and current correlations, whose hierarchy would
then close, making the problem of computing current fluctuation in MCMs exactly
solvable. Furthermore, we note that the average fluctuating current ⟨J (fl)

i ⟩ = 0 is
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zero, implying ⟨Ji(t)⟩ = ⟨J (d)
i (t)⟩. Indeed, one could interpret J (fl)

i (t) as a fast-
varying “noise” current around the slow-varying diffusive (“hydrodynamic”) current

J (d)
i (t). As we show later, the statistics of fluctuating current J (fl)

i (t) is, in fact,
delta-correlated in time and short-ranged in space, whereas the diffusive current
J (d)
i (t) is long-ranged in time (a power law) and short-ranged in space.

For convenience, we introduce the following notation for correlation function
CAB
r (t, t′) involving any two local observable Ai(t) and Bj(t

′), with t ≥ t′,

CAB
r=|j−i|(t, t

′) = ⟨Ai(t)Bj(t
′)⟩ − ⟨Ai(t)⟩⟨Bj(t

′)⟩
≡ ⟨Ai(t)Bj(t

′)⟩c,
(2.12)

where r = |j − i| is the relative distance. We denote the spatial Fourier transform
of the correlation function CAB

r (t, t′) as given below

C̃AB
q (t, t′) =

L−1∑
r=0

CAB
r (t, t′)eiqr, (2.13)

where q = 2πs/L and s = 0, 1, . . . , L− 1; the inverse Fourier transform is given by

CAB
r (t, t′) =

1

L

∑
q

C̃AB
q (t, t′)e−iqr. (2.14)

2.3.2 Calculation scheme

In this section, we describe our calculation scheme for MCM I in detail. The stochas-
tic dynamical rules for time-integrated current Qi(t) in an infinitesimal time interval
(t, t+ dt) can be written as

Qi(t+ dt) =


event prob.

Qi(t) + ζ̃ξimi(t) dt,

Qi(t)− ζ̃ξi+1mi+1(t) dt,

Qi(t) (1− 2dt).

(2.15)

The above update rules allow us to derive the time-evolution equation for the first
moment of the time-integrated bond-current Qi(t) as follows:

d⟨Qi(t)⟩
dt

= D⟨mi(t)−mi+1(t)⟩ = ⟨J (d)
i (t)⟩. (2.16)

Using the update rule as in eq. (2.15), the infinitesimal time-evolution equation for
the following product of the time-integrated currents at two different times t and t′

(t > t′) can be written as

Qi(t+ dt)Qi+r(t′) =


event prob.

[Qi(t) + ζ̃ξimi(t)]Qi+r(t′) dt,

[Qi(t)− ζ̃ξi+1mi+1(t)]Qi+r(t′) dt,

Qi(t)Qi+r(t′) (1− 2dt).

(2.17)
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Now, by utilizing Eq.(2.16), we immediately arrive at the time-evolution equation
for the unequal-time current-current correlation function,

d

dt
CQQ
r (t, t′) = CJ (d)Q

r (t, t′). (2.18)

Interestingly, while calculating the time derivative of current (or related observables),
Eq. (2.18) can be simply obtained by using a convenient thumb rule, where one takes
the time derivative inside angular brackets as

d

dt
⟨Qi(t)Qi+r(t′)⟩c =

〈
dQi(t)
dt
Qi+r(t′)

〉
−
〈
dQi(t)
dt

〉
⟨Qi+r(t′)⟩ . (2.19)

Then, by replacing the instantaneous current by dQi(t)/dt ≡ D(mi −mi+1) +J (fl)
i

and subsequently dropping the noise correlation as ⟨J (fl)
i (t)Qi+r(t′)⟩ = 0 for t > t′,

we get Eq. (2.18).

By using Eq. (2.11) into rhs of Eq. (2.18), we express the time evolution of
unequal-space-time current-current correlation function in terms of the unequal-
space-time mass-current correlation function,

d

dt
CQQ
r (t, t′) = D

(
CmQ
r (t, t′)− CmQ

r−1(t, t
′)
)
. (2.20)

From the equation presented above, it is evident that the calculation of the unequal-
time mass-current correlation, denoted as CmQ

r (t, t′), is now necessary to calculate
the unequal-time current-current correlation CQQ

r (t, t′). The time evolution of the
correlation function CmQ

r (t, t′) can be obtained by using infinitesimal-time update
rules for the following mass-current product at a later time t+ dt as

mi(t+ dt)Qi+r(t
′) =



event prob.

[mi(t)− ζ̃mi(t)]Qi+r(t
′) dt

[mi(t) + ζ̃ξi−1mi−1(t)]Qi+r(t
′) dt

[mi(t) + ζ̃ ξ̃i+1mi+1(t)]Qi+r(t
′) dt

mi(t)Qi+r(t
′) (1− 3dt).

(2.21)

Using the above update rule, the time evaluation of unequal-time mass-current can
be expressed in the following form,

d

dt
CmQ
r (t, t′) = D⟨(mi+1(t)− 2mi(t) +mi−1(t))Qi+r(t′)⟩c = D

∑
k

∆r,kC
mQ
k (t, t′),

(2.22)

where ∆r,k = δr−1,k − 2δr,k + δr+1,k is the discrete Laplacian. Equations (2.20) and
(2.22) can be expressed in terms of the Fourier modes as defined in Eq. (2.13),

d

dt
C̃QQ
q (t, t′) = DC̃mQ

q (t, t′)
(
1− eiq

)
, (2.23)

and
d

dt
C̃mQ
q (t, t′) = −DωqC̃mQ

q (t, t′), (2.24)
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where the eigenvalue of the discrete Laplacian is written as

ωq = 2 (1− cos q) . (2.25)

Note that C̃QQ
q (t, t′) and C̃mQ

q (t, t′) are the Fourier transforms of the quantities
CQQ
r (t, t′) and CmQ

r (t, t′), respectively. Now, Eq.(2.23) and Eq.(2.24) can be inte-
grated to have

C̃QQ
q (t, t′) = D

t∫
t′

dt′′C̃mQ
q (t′′, t′)

(
1− eiq

)
+ C̃QQ

q (t′, t′), (2.26)

and
C̃mQ
q (t, t′) = e−Dωq(t−t′)C̃mQ

q (t′, t′), (2.27)

respectively. The Eqs. (2.26) and (2.27) suggest that the equal-time correlation of
current-current CQQ

r (t′, t′) and mass-current CmQ
r (t′, t′) are required to obtain the

respective unequal-time correlation function.

The time-evolution equation for the equal-time current-current spatial correlation
CQQ
r (t, t) can be written from the infinitesimal update rules for the product of the

following random variables,

Qi(t+ dt)Qi+r(t+ dt) =



event prob.

QiQi+r + ζ̃
(
ξimi − ξ̃i+1mi+1

)
Qi+r

+ζ̃
(
ξi+rmi+r − ξ̃i+r+1mi+r+1

)
Qi dt,

QiQi+r + ζ̃2(ξ2im
2
i + ξ̃2i+1m

2
i+1) δr,0dt,

QiQi+r − ζ̃2ξiξ̃im2
i δr,−1dt,

QiQi+r − ζ̃2ξi+1ξ̃i+1m
2
i+1 δr,1dt,

QiQi+r 1−
∑
dt,

(2.28)

where
∑

= 1 + δr,0 + δr,1 + δr,−1 represents the total exit rate. From the above
update rules, we can deduce the following time-evolution equation,

d

dt
⟨Qi(t)Qi+r(t)⟩c = D ⟨(mi −mi+1)Qi+r⟩c +D ⟨Qi(mi+r −mi+r+1)⟩c + Γr,

(2.29)
where Γr can be written in terms of the steady-state single-site mass fluctuation
(which is a function of ρ̄) as follows:

Γr(ρ̄) =
ζ̃2

6
⟨m2

i ⟩(4δr,0 − δr,1 − δr,−1). (2.30)

For convenience, we now introduce the following quantity,

χ(ρ̄) ≡ ζ̃2

6
⟨m2

i ⟩ (2.31)

which, as we show later, is nothing but the density-dependent transport coefficient,
called the mobility χ(ρ̄) = lim

T→∞,L→∞
L ⟨Q2

i (T )⟩c /2T - the scaled second cumulant
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of the bond-current fluctuation, where the infinite-time limit T → ∞ has to be
taken first; note that, in the steady state, as the average ⟨Qi(T )⟩ = 0, the second
cumumant (or, the variance) and the second moment are equal, i.e., ⟨Q2

i (T )⟩c =
⟨Q2

i (T )⟩, and we use them interchangeably. As we shall demonstrate later, the
mobility χ(ρ̄) can be exactly equated to another transport coefficient, which we call
an “operational” mobility χop(ρ̄) and is a ratio of the current (response) to a small
externally applied biasing force (perturbation) [80]. As shown later in eq. (2.50),
the analytic expression for the second moment ⟨m2

i ⟩ of single-site mass in the steady
state can be written in terms of the chipping parameter ζ̃ and density ρ̄ as

⟨m2
i ⟩ =

3

(3− 2ζ̃)
ρ̄2, (2.32)

which is proportional to the square of density. The above density dependence of the
second moment (and the variance) of local mass is rather generic for a broad class of
MCMs, not just MCM I (though the pre-factor can differ depending on dynamical
rules). Indeed, it is a direct consequence of the linear dependence of the (local)
diffusive current on (local) mass, as encoded in the linearity property in eq. (2.11).

We now substitute Eq.(2.31) into Eq.(2.30) to express Γr(ρ̄) in terms of the
system’s density-dependent mobility χ(ρ̄) as

Γr(ρ̄) = 4χ(ρ̄)δr,0 − χ(δr,1 + δr,−1). (2.33)

It is interesting to note that Γr has a direct connection to the steady-state mass-mass
correlation Cmm

r , through the relation

Γr = 2DCmm
r . (2.34)

Later, we demonstrate that the quantity Γr is related to the spatial correlation
function for the fluctuating (”noise”) current. This reveals a direct relationship
between (noise) current fluctuation and density fluctuation, as well as the crucial
role of steady-state spatial structure in determining large-scale dynamic properties.
This is precisely how density and current fluctuations, as well as relaxation proper-
ties (via bulk-diffusivity), are inextricably linked to one another, culminating in an
equilibrium-like Einstein relation, as shown later.

Now, by using the following formula

D ⟨(mi −mi+1)Qr⟩c =
D

L

∑
q

(1− eiq)C̃mQ
q (t, t)e−iqr (2.35)

in Eq.(2.29) and performing some algebraic manipulations, we obtain

d

dt
CQQ
r (t, t) =

D

L

∑
q

(1− eiq)C̃mQ
q (t, t)(2− ωqr) + Γr, (2.36)

where ωqr = 2 (1− cos(qr)) [see Eq.(2.25)]. After integrating both sides of the above
equation, we obtain the equal-time current-current correlation function,

CQQ
r (t, t) =

t∫
0

dt′Γr(t
′) +

D

L

t∫
0

dt′
∑
q

C̃mQ
q (t′, t′)(1− eiq)(2− ωqr). (2.37)
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To explicitly obtain the above equal-time correlation for current, we need to calculate
the equal-time correlation function CmQ

r (t, t) by using the following infinitesimal-
time update rule,

mi(t+ dt)Qi+r(t+ dt) =



event prob.

miQi+r + ζ̃mi(ξi+rmi+r − ξ̃i+r+1mi+r+1)

+ζ̃
(
ξ̃i+1mi+1 −mi + ξi−1mi−1

)
Qi+r dt,

miQi+r − ζ̃2(ξim2
i + ξ̃2i+1m

2
i+1) δr,0dt

miQi+r + ζ̃2(ξ̃im
2
i + ξ2i−1m

2
i−1) δr,−1dt,

miQi+r + ζ̃2ξ̃i+1ξi+1m
2
i+1 δr,1dt,

miQi+r − ζ̃2ξi−1ξ̃i−1m
2
i−1 δr,−2dt,

miQi+r 1−
∑
dt,

(2.38)

where
∑

= 1 + δr,0 + δr,1 + δr,−1 + δr,−2 is the total exit rate. Using the above
dynamical update rules, we obtain the following time-evolution equation,

d

dt
CmQ
r (t, t) = D

(
CmQ
r−1 − 2CmQ

r + CmQ
r+1

)
+ Ar, (2.39)

where the quantity Ar - a source term in an inhomogeneous (discrete) Laplace
equation - is given by

Ar =
ζ̃

2
⟨mimi+r −mimi+r+1⟩c −

5ζ̃2

6
⟨m2

i ⟩δr,0 +
ζ̃2

6
⟨m2

i ⟩δr,1 −
ζ̃2

6
⟨m2

i ⟩δr,−2, (2.40)

which we now proceed to calculate in the steady state.

It is evident here that the quantity Ar is related to equal-time spatial correlation
for mass, which can be calculated by using the following infinitesimal-time update
rules,

mi(t+ dt)mi+r(t+ dt) =



event prob.

ζ̃
(
ξ̃i+1mi+1 + ξi−1mi−1

)
mi+r

+ζ̃mi(ξ̃i+r+1mi+r+1 + ξi+r−1mi+r−1)

(1− 2ζ̃)mimi+r dt,

mimi+r + ζ̃2(m2
i + ξ̃2i+1m

2
i+1 +m2

i−1ξ
2
i−1) δr,0dt,

mimi+r − ζ̃2(ξ̃i+1m
2
i+1 + ξim

2
i ) δr,1dt,

mimi+r + ζ̃2(ξ̃im
2
i + ξi−1m

2
i−1) δr,−1dt,

mimi+r − ζ̃2ξi+1ξ̃i+1m
2
i+1 δr,2dt,

mimi+r − ζ̃2ξi−1ξ̃i−1m
2
i−1 δr,−2dt,

mimi+r 1−
∑
dt,

(2.41)

where
∑

= 1 + δr,0 + δr,1 + δr,−1 + δr,−2 + δr,2 is the total exit rate. Using the
above dynamical update rules, we obtain the time evolution equation for spatial
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mass-mass correlation,

d

dt
Cmm
r (t, t) = 2D

∑
k

⟨m0∆r,kmk⟩c +Br, (2.42)

where the source term Br in the steady state can be expressed in terms of the second
moment of single-site mass, i.e.,

Br =
ζ̃2 ⟨m2

i ⟩
6

[10δr,0 − 6(δr,1 + δr,−1) + (δr,2 + δr,−2)]. (2.43)

Then, by using the steady-state condition dCmm
r (t, t)/dt = 0, we obtain the equation

for the steady-state spatial correlation for mass,

2D
[
Cmm
r+1 − 2Cmm

r + Cmm
r−1

]
+Br = 0. (2.44)

The structure of the above equation [similar to the Poisson equation, albeit a discrete
one] for the two-point (equal-time) mass-mass correlation in the steady state is quite
generic for models satisfying a linearity property (i.e., the bulk-diffusion coefficient
being constant) analogous to eq. (2.11). As illustrated below, an explicit analytical
solution to the dynamical correlations for current and mass actually hinges on the
solvability of the above equation.

Indeed, in the case of MCM I (as well as MCM II and III), eq. (2.44) can be
readily solved by employing a generating function

G(z) =
∞∑
r=0

Cmm
r zr. (2.45)

The following generating function method differs from the one used in [34] and
is presented here for completeness of the various calculations, and the derivations
of the fluctuation relations, discussed in the subsequent sections. By multiplying
both sides of Eq.(2.44) by zr and then summing over r, we solve for the generating
function,

G(z) =
Cmm

0 [6− (10− 6z + z2)ζ̃]− 6zCmm
1 − (10− 6z + z2)ρ̄2

6(1− z)2
, (2.46)

where we use the following identities,
∑∞

r=0C
mm
r+1z

r = [G(z)−Cmm
0 ]/z,

∑∞
r=0C

mm
r−1z

r =
Cmm

1 + zG(z), and ⟨m2
i ⟩ = Cmm

0 + ρ̄2. Note that G(z) has a second-order pole at
z = 1. However, by considering the fact that G(z = 1) represents the sum of density
correlations and thus it should be finite, we find that limz→1G(z) must also be fi-
nite. Therefore, the numerator and its derivative must vanish as z → 1. From these
root-cancellation conditions, we get the following two equations,

Cmm
0 (6− 5ζ̃)− 6Cmm

1 − 5ρ̄2 = 0, (2.47)

and

2ζ̃Cmm
0 + 3Cmm

1 − 2ρ̄2 = 0. (2.48)
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By solving the above equations, we finally obtain the generating function,

G(z) =
2ζ̃ ρ̄2

3− 2ζ̃
− ζ̃ ρ̄2

2(3− 2ζ̃)
z, (2.49)

which immediately leads to the explicit analytical expression for the steady-state
spatial correlation function Cmm

r for mass,

Cmm
r = ⟨mimi+r⟩ − ρ̄2 =


2ζ̃

3−2ζ̃
ρ̄2 for r = 0

− ζ̃

2(3−2ζ̃)
ρ̄2 for |r| = 1

0 otherwise.

(2.50)

Now, the steady-state spatial correlation function for mass can be readily expressed
in terms of the particle mobility χ(ρ̄),

Cmm
r =

χ(ρ̄)

ζ̃
(4δr,0 − δr,1 − δr,−1). (2.51)

Furthermore, by summing both sides of Eq. (2.51) over r, we obtain a fluctua-
tion relation between mass fluctuation and the mobility (equivalently, the current
fluctuation),

∞∑
r=−∞

Cmm
r =

2χ(ρ̄)

ζ̃
. (2.52)

In the steady state, we can write Ar(ρ̄) by simply using Eq.(2.51) in Eq.(2.40),

Ar(ρ̄) = −
5

2
χ(ρ̄)(δr,0 − δr,−1) +

1

2
χ(δr,1 − δr,−2). (2.53)

We now express Eq. (2.39) in the Fourier space as

d

dt
C̃mQ
q (t, t) = −DωqC̃mQ

q (t, t) + f̃q(t), (2.54)

where the Fourier transform of the source term Ar is given by

f̃q = −χ(1− e−iq)
(
1 +

1

2
ωq

)
. (2.55)

Equation (2.54) can be integrated to obtain

C̃mQ
q (t′, t′) =

t′∫
0

dt′′e−Dωq(t′−t′′)f̃q(t
′′), (2.56)

which appears in Eqs. (2.37) and (2.27) and can be now used to calculate the
equal-time current-current and unequal-time mass-current correlation functions.
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2.3.3 Time-integrated current fluctuation

In this section, we use the theoretical framework outlined in the preceding section
to compute the time-integrated bond-current fluctuation for MCM I exactly. To
this end, we insert Eq. (2.56) into Eq. (2.37), yielding an explicit expression for the
time-integrated bond-current fluctuation,

CQQ
r (t, t) =

t∫
0

dt′Γr(t
′) +

D

L

∑
q

t∫
0

dt′
t′∫

0

dt′′e−Dωq(t′−t′′)f̃q(t
′′)(1− eiq)[2− ωqr].

(2.57)
Now, by using Eqs. (2.57), (2.56), (2.27), and (2.26), we finally obtain the desired
expression for the unequal-time current-current correlation function,

CQQ
r (t, t′) =t′Γr −

χD

L

∑
q

t′∫
0

dt′′
t′′∫
0

dt′′′ e−Dωq(t′′−t′′′)ωq(1 +
1

2
ωq)(2− ωqr)

− χD

L

∑
q

t∫
t′

dt′′
t′∫

0

dt′′′ e−Dωq(t′′−t′′′)ωq(1 +
1

2
ωq)e

−iqr.

(2.58)

We obtain, in the steady state, the second cumulant or the variance of time-
integrated bond-current ⟨Q2

i (T )⟩c = ⟨Q2
i (T )⟩−⟨Qi(T )⟩2 = CQQ

0 (T, T ) from Eq.(2.58),
by putting t′ = t = T and r = 0,

⟨Q2
i (T )⟩c = ⟨Q2

i (T )⟩ =
2χT

L
+

2χ

L

L−1∑
n=1

(
1 +

ωn
2

) (1− e−DωnT )

Dωn
, (2.59)

where ωn = 2(1−cos(2πn/L)), with n = 1, · · · , L−1 and we have used steady-state
average ⟨Qi(T )⟩ = 0. If we first take the limit T → ∞ (i.e., corresponding to the
time domain T ≫ L2), we immediately obtain in the leading order,

⟨Q2
i (T )⟩ ≃

2χT

L
+
χ

D

(
L

6
− 1

L

)
=

2χT

L

[
1 +O

(
L2

DT

)]
. (2.60)

By performing the asymptotic analysis of Eq. (2.59), we can identify two distinct
time regimes, that correspond to two of the following cases.

Case 1: Small-time regime DT ≪ 1

In the limit DT ≪ 1, the system does not have sufficient time for building up spatial
correlations at neighboring sites, resulting in the bond-current fluctuation having no
information of the spatial structure in the system. In equation (2.59), we expand
the exponential up to linear order for DT ≪ 1 and obtain

⟨Q2
i (T )⟩ =

2χT

L
+

2χ

L

L−1∑
n=1

(
1 +

ωn
2

)
T. (2.61)
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Figure 2.2: The second cumulant, or the variance, ⟨Q2
i (T )⟩c = ⟨Q2

i (T )⟩ of time-
integrated bond-current in the steady state plotted as a function of time T for
various chipping parameter and system sizes. The cyan (ζ = 0.25, L = 1000),
magenta (ζ = 0.90, L = 1000), red (ζ = 0.25, L = 500), and green (ζ = 0.90,
L = 500) lines represent simulation data for global density ρ̄ = 1. The red dashed
line represents the behavior Γ0T for ζ = 0.90 as mentioned in Eq.(2.62), while the
blue and green dashed lines represent sub-diffusive ∼ T 1/2 and diffusive ∼ T growth,
respectively, as mentioned in Eq.(2.70).

To further simplify it, we use the identity
∑L−1

n=1 ωn = 2L, resulting in

⟨Q2
i (T )⟩ = Γ0T = 4χT, (2.62)

where Γ0 is the strength of fluctuating current as mentioned in Eq.(2.33) and later
calculated exactly.

In Figure 2.2, we present simulation data for the second cumulant, or the variance,
⟨Q2

i (T )⟩c = ⟨Q2
i (T )⟩ of time-integrated bond-current in the steady state plotted as

a function of time T . The plot shows three distinct behaviors of temporal growth
of the current fluctuations: Short-time linear (∼ T ), intermediate-time subdiffusive
(∼ T 1/2), and long-time linear (∼ T ) growths. We have examined the effects of
chipping by varying the values of ζ = 0.25 and 0.90 for two different system sizes
L = 500 and L = 1000. Also, we provide two plots concerning current fluctuations
that overlap in the region DT ≪ 1 for two system sizes with ζ kept fixed.

Case 2: Long-time regime DT ≫ 1

In the limit DT ≫ 1, spatial correlations gradually build up in the system. In-
terestingly, Eq. (2.60) suggests that, in the large-time limit (T ≫ L2), ⟨Q2

i (T )⟩
asymptotically approaches 2χT/L, indicating that there are only three macroscopic
parameters - the bulk-diffusion coefficient D, the mobility χ, and system size L
- which are relevant and thus can be used to characterize the large-scale tempo-
ral growth in the system. Indeed, one would expect that ⟨Q2

i (T )⟩ and T should
be related through a precise scaling combination involving the above mentioned
macroscopic quantities. To precisely quantify this scaling regime, we define a scaled

35



second moment of steady-state time-integrated bond-current, in the limit of large
T, L≫ 1, i.e.,

lim
T,L→∞

D⟨Q2
i (T )⟩

2χL
=W

(
y =

DT

L2

)
, (2.63)

where W(y) is a scaling function, with the scaling variable y = DT/L2 being finite,
and can be exactly written as

W(y) = lim
L→∞

[
y +

1

L2

∑
q

(
1 +

ωq
2

) 1− e−ωqL2y

ωq

]
, (2.64)

where ωq = 2(1− cos q), with q = 2πn/L and n = 1, 2, · · · , L− 1. In the right hand
side of Eq. (2.64), the scaling functionW(y) can be approximately written in terms
of the following integral representation,

W(y) ≃ y + lim
L→∞

1

πL

π∫
2π/L

dq

(
1− e−L2yω(q)

)
ω(q)

+ lim
L→∞

1

2πL

π∫
2π/L

dq
(
1− e−L2yω(q)

)
.

(2.65)

By using variable transformation z = ω(q)L2 in Eq. (2.65) and taking the infinite
system-size limit L→∞, we obtain the following expression,

W(y) ≃ y +
1

2π

∞∫
4π2

dz
(1− e−zy)

z3/2
, (2.66)

where we have used the fact that the third term on the right-hand side of eq. (2.65)
gives a subleading o (1/L) contribution, which vanishes in the scaling limit. After
performing the integration explicitly, we finally write

W(y) ≃ y +

√
y

π
erfc(2π

√
y) +

1− e−4π2y

4π2
, (2.67)

where erfc(z) = 1− erf(z) and the error function is given by

erf(z) =
2√
π

z∫
0

e−t
2

dt. (2.68)

From Eq. (2.67), we straightforwardly determine the asymptotic form of W(y) in
the following two regimes of large and small y,

W(y) ≃

{√
y/π for y ≪ 1

y for y ≫ 1.
(2.69)

In Fig. 2.3, we plot the scaled time-integrated bond-current fluctuation ⟨Q2
i (T )⟩D/(2χL)

as a function of scaled time DT/L2 for different chipping parameters and system
sizes for global density ρ̄ = 1. The colored lines are obtained from simulations, and
the black solid line corresponds to theory as in Eq.(2.64). Two guiding (dashed)
lines, which represent subdiffusive ∼ y1/2 behavior (blue) at early (but still large)
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Figure 2.3: Scaled time-integrated bond-current fluctuation, ⟨Q2
i (T )⟩D/(2χL), in

the steady state is plotted against scaled time DT/L2 for different chipping param-
eters and system sizes at a global density of ρ̄ = 1. The cyan (ζ = 0.25, L = 1000),
magenta (ζ = 0.90, L = 1000), red (ζ = 0.25, L = 500), and green (ζ = 0.90,
L = 500) lines represent simulation data. The two guiding dashed lines depict sub-
diffusive ∼ y1/2 growth (blue) at early times, followed by a diffusive ∼ y growth
(green) at long times. These trends are based on the scaling function W(y) [as in
Eq.(2.69)]. The black solid line corresponds to theoretical results [as in Eq.(2.64)]
and demonstrates an excellent agreement with simulations.

times, followed by diffusive growth as ∼ y (green) at long times, as given in Eq.
(2.69).

Thus, by combining all three temporal regimes discussed above, we summarize
the asymptotic behaviors of the time-integrated bond-current ⟨Q2

i (T )⟩ as

⟨Q2
i (T )⟩ =


4χT for DT ≪ 1,
2χ√
Dπ
T 1/2 for 1≪ DT ≪ L2,

2χ
L
T for DT ≫ L2,

(2.70)

where it is interesting to note that the second and third regimes are indeed related
through a single scaling function W(y).

Space-time integrated current fluctuations

In this section, we focus on the second cumualnt, or the variance, ⟨Q2
sub(l, T )⟩c =

⟨Q2
sub(l, T )⟩ − ⟨Qsub(l, T )⟩2 = ⟨Q2

sub(l, T )⟩ (as steady-state ⟨Qsub(l, T )⟩ = 0) of the

cumulative (space-time integrated) particle current Qsub(l, T ) =
∑l−1

i=0Qi(T ) across
a subsystem of size l and up to time T in the steady state. The subsystem-current
fluctuation can be written as

⟨Q2
sub(l, T )⟩ =

〈
l−1∑
i=1

Qi(T )
l−1∑
j=1

Qj(T )

〉
, (2.71)

37



where the sum on the right-hand side can be expressed in terms of the (equal-time)
current-current dynamic correlations,

⟨Q2
sub(l, T )⟩ = lCQQ

0 (T, T ) +
l−1∑
r=1

2(l − r)CQQ
r (T, T ). (2.72)

By using Eq.(2.57) in the above equation and then employing the following identity,

l−1∑
r=1

2(l − r)(2− ωrq) = 2

(
ωlq − lωq

ωq

)
, (2.73)

we obtain, after some algebraic manipulations, the following expression,

⟨Q2
sub(l, T )⟩ = 2χlT + 2χT (1− δl,L)−

2χD

L

×
∑
q

(DωqT − 1 + e−ωqDT )

(ωqD)2

(
1 +

ωq
2

)
ωql,

(2.74)

where ωq = 2(1−cos q) with q = 2πn/L and n = 1, 2, · · · , L−1. The subsystem size
l comes into play through the Fourier mode ωql alone. We now derive the asymptotic
dependence of Eq.(2.74) on the subsystem size l and time T , first by considering the
limit T ≫ 1 followed by l ≫ 1, and then by reversing the order of the limits, i.e.,
l≫ 1 followed by T ≫ 1.

Case 1: T ≫ 1 and l≫ 1

We first consider the limit T ≫ 1 followed by the limit l ≫ 1; in that case, Eq.
(2.74) simplifies to

⟨Q2
sub(l, T )⟩ ≃

2χl2T

L
+

2χD

L

∑
q

(1− e−DωqT )

D2ω2
q

(
1 +

ωq
2

)
ωql. (2.75)

In the limit of L → ∞, the sum in the above equation can be approximated as an
integral,

⟨Q2
sub(l, T )⟩ ≃

2χD

π

π∫
0

dq
(1− e−Dω(q)T )
D2ω(q)2

[
1 +

ω(q)

2

]
ω(ql). (2.76)

Then, by using the approximation ω(lq) ≃ l2q2 for a finite subsystem size l, and a
variable transformation z = DTq2, we obtain the following expression,

⟨Q2
sub(l, T )⟩ ≃

χl2
√
T

π
√
D

∞∫
0

dz(1− e−z)z−3/2, (2.77)

which, by using the identity
∫∞
0
dz(1 − e−z)z−3/2 = 2

√
π, leads to the asymptotic

form,

⟨Q2
sub(l, T )⟩
lT

≃ 2χ√
πD

l√
T
. (2.78)
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Case 2: l≫ 1 and T ≫ 1

In this specific order of limits, where l≫ 1 limit is taken first and then T ≫ 1 limit,
equation (2.74) can be expressed in an integral form,

⟨Q2
sub(l, T )⟩
lT

≃ 2χ+
2χ

l
+

4χD

lTπ

π∫
0

dq
[Dω(q)T − 1 + e−ω(q)DT ]

D2ω(q)2
, (2.79)

where we use an approximation ω(ql) ≃ 2. Again, by using the variable transfor-
mation z = DTq2, we obtain

⟨Q2
sub(l, T )⟩
lT

≃ 2χ+
2χ

l
− 2χ

√
DT

πl

∞∫
0

dz(z − 1 + e−z)z−
5
2 . (2.80)

By using the identity
∫∞
0
dz(z − 1 + e−z)z−5/2 = 4

√
π/3 in the above equation, we

find the following asymptotic behavior,

⟨Q2
sub(l, T )⟩
lT

≃ 2χ− 8χ

3

√
D

π

√
T

l
(2.81)

Hence, the asymptotic expression for the variance of the cumulative subsystem cur-
rent, as given in eq. (2.74), in fact depends on the order of limits for T ≫ 1 and
l≫ 1, i.e.,

⟨Q2
sub(l, T )⟩
lT

≃

{
2χ√
πD

l√
T

for T ≫ 1, l≫ 1,

2χ− 8χ
3

√
D
π

√
T
l

for l≫ 1, T ≫ 1.
(2.82)

The first expression in the above equation results from taking the limits in the
following sequence: first T ≫ 1 and then l ≫ 1. In this specific order of limits,
the scaled function ⟨Q2

sub(l, T )⟩/lT decreases as 1/
√
T and eventually diminishes as

T approaches infinity. On the other hand, if we reverse the order of limits, i.e.,
first l ≫ 1 limit and T ≫ 1 limit, we derive the second asymptotic expression as
in Eq.(2.82). Notably, when infinite subsystem-size limit l → ∞ is taken first, the
scaled variance of the subsystem current converges to a finite number - twice the
mobility 2χ - as T increases,

σ2
Q ≡ lim

T→∞

[
lim
l→∞

⟨Q2
sub(l, T )⟩c
lT

]
= lim

T→∞

[
lim
l→∞

⟨Q2
sub(l, T )⟩
lT

]
=
∑
r

Γr, (2.83)

where we have used ⟨Qsub(l, T )⟩ = 0 in the steady state. Indeed the fluctuation
relation as in Eq. (2.83) could be viewed as a nonequilibrium version of the Green-
Kubo relation, which is well known for equilibrium systems. If we consider l = L≫ 1
(corresponding to the case when the bond current is summed over the entire system),
we can recast the above fluctuation relation as

lim
L→∞

⟨Q2
sub(L, T )⟩
LT

= 2χ =
∑
r

Γr. (2.84)

Interestingly, the above expression is valid for any finite time T . This is due to the
fact that, by definition, the diffusive part of the total current vanishes over the full
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Figure 2.4: The scaled cumulant, or the variance, ⟨Q2
sub(l, T )⟩c = ⟨Q2

sub(l, T )⟩ of
space-time-integrated subsystem current in the steady state is plotted as a function
of time T for various subsystem sizes l = 100 (lower blue solid line), 500 (middle
orange solid line), and 1000 (top solid green line). The chipping parameter for the
model is chosen to be ζ = 0.25, with a system size of L = 1000 and a global density
of ρ̄ = 1. The black dashed line in the plot corresponds to the theoretical predic-
tion derived from Eq.(2.74), and it precisely aligns with the respectable simulation
data. Moreover, when the subsystem size equals the full system size, i.e., l = L,
⟨Q2

sub(L, T )⟩/LT follows the behavior of 2χ (magenta dashed lines), as indicated by
Eq.(2.84).

system size, i.e.,
∑L

i=1 J
(d)
i = 0. As a result, we are left with the space-time current

having only the contribution from the fluctuating part, thus leading to the sum rule∑
r Γr = 2χ as given in eq. (2.84).

In Figure 2.4, we plot the scaled cumulant, or the variance, ⟨Q2
sub(l, T )⟩c =

⟨Q2
sub(l, T )⟩ of space-time-integrated subsystem-current fluctuation against time T

for various subsystem sizes: l = 100 (blue line), l = 500 (orange line), and l =
L = 1000 (green line). The black dashed lines represent theoretical predictions that
closely match the simulation data. A magenta dotted line at 2χ overlays the data
when l = L, indicating a limit where l → ∞ is taken first. Notably, for smaller
subsystem sizes, i.e., when T →∞ limit is taken first, ⟨Q2

sub(l, T )⟩/lT tends to zero.

2.3.4 Instantaneous bond-current fluctuations

In this section, we calculate the spatio-temporal correlation function CJJ
r (t) =

⟨Ji(t)Ji+r(0)⟩c of the instantaneous bond current Ji(t) from the already calculated
correlation function involving time-integrated bond current and show that the in-
stantaneous bond current is negatively correlated in time. This is accomplished by
taking a double derivative of the time-integrated bond current correlation as follows,

CJJ
r (t, t′) =

[
d

dt

d

dt′
CQQ
r (t, t′)

]
. (2.85)
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Here, with the understanding that t ≥ t′, we proceed to differentiate Eq.(2.58) twice
with respect to time, resulting in the expression

CJJ
r (t, t′) = Γrδ(t− t′)−

χD

L

∑
q

e−Dωq(t−t′)ωq

(
1 +

ωq
2

)
e−iqr. (2.86)

To investigate the temporal behavior of instantaneous bond current, we set r = 0
and t > t′ = 0 in Eq.(2.86) and simplify the expression, to obtain the integral form
of the bond current correlation as

CJJ
0 (t, 0) ≃ χD

π

π∫
0

dqe−Dω(q)tω(q)

[
1 +

ω(q)

2

]
, (2.87)

where we take the thermodynamic limit L → ∞ and ω(q) = 2(1 − cos q). Now,
by approximating ω(q) ≃ q2 and making a variable transformation z = Dq2t, we
rewrite the above equation as

CJJ
0 (t, 0) ≃ − χt−

3
2

2π
√
D

∞∫
0

z
1
2 e−zdz, (2.88)

where we have ignored the subleading term O(t−5/2). We note that the sign of
the dynamic correlation function for bond current is negative as given in Eq.(2.88).
Finally, by using the integral

∫∞
0
z1/2e−zdz =

√
π/2, the asymptotic form of the

dynamic current correlation function can be expressed as

CJJ
0 (t, 0) ≃ Γ0δ(t)−

χ

4
√
πD

t−3/2. (2.89)

Notably, the negative (second) part in the right hand side of the above equation
exhibits long-range power-law behavior, solely due to the contribution from the dy-

namic correlation involving the diffusive current, i.e., CJ (d)J (d)

0 (t, 0) ∼ t−3/2. On the

other hand, the fluctuating current is short-ranged CJ (fl)J (fl)

r (t, 0) = δ(t)Γr, which
is delta-correlated in time and where Γr represents the space-dependent strength
of the fluctuating current. This particular behavior should be contrasted with that
for the symmetric simple exclusion processes [78], where, due to the lack of spatial
correlations, the strength does not depend on space variable r (the temporal part
is, however, delta-correlated as in the mass chipping models).

Now, to obtain the spatial correlation of instantaneous current, we calculated the
two-point correlation function calculated at the same time, t = t′, but at different
space points separated by a distance r. In that case, Eq.(2.86) can be expressed as:

CJJ
r (t, t) = Γrδ(0)−

χD

L

∑
q

ωq

(
1 +

ωq
2

)
e−iqr. (2.90)

After some algebraic manipulations, the above equation can be expressed in terms
of the steady-state (t→∞) density correlation Cmm

r ,

CJJ
r = Γrδ(0)−D2[3Cmm

r − (Cmm
r−1 + Cmm

r+1 )]. (2.91)
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In the above equation, we can see that the spatial length scale associated with the
instantaneous current is intimately connected to the space-dependent strength Γr
of the instantaneous current. There is an interesting observation: As Γr directly
influences the density correlation Cmm

r , we find that, in the steady state, the spatial
extent over which the instantaneous bond currents are correlated is inherently short-
ranged and, moreover, is characterized by the same length scale, which governs the
spatial density correlations. In contrast to the dynamic correlation of the fluctuating
current, which constitutes two distinct components - (i) the fluctuating current,
which is short-ranged both in terms of spatial and temporal dependencies, and (ii)
the diffusive current, which is characterized by its short-ranged spatial behavior, but
the long-ranged (power law) temporal behavior (∼ t−3/2).

We also study the power spectrum for the instantaneous bond current Ji, which,
by using the Wiener-Khinchin theorem [87], can be expressed as

SJ (f) =

∞∫
−∞

dtCJJ
0 (t, 0)e2πift. (2.92)

By putting r = 0 and t′ = 0 in Eq. (2.86), we integrate the right hand side of the
above equation to obtain

SJ (f) =
2χ(ρ̄)

L
+

2χ(ρ̄)

L

∑
q

(
1 +

ωq
2

) 4π2f 2

D2ω2
q + 4π2f 2

, (2.93)

where ωq = 2(1−cos q) with q = 2πn/L and n = 1, 2, · · · , L−1. By subtracting the
zero-th mode (f = 0), we rewrite the above expression through a suitably defined
power spectrum S̃J (f) = SJ (f)− SJ (0),

S̃J (f) =
2χ(ρ̄)

L

∑
q

(
1 +

ωq
2

) 4π2f 2

D2ω2
q + 4π2f 2

. (2.94)

Now we rescale frequency as ỹ = fL2/D and introduce a scaling function H, that
relates, for large f−1, L≫ 1, to S̃J (f) as

lim
f−1,L→∞

H
(
L2f

D

)
=
LS̃J (f)

2χ(ρ̄)
= lim

f−1,L→∞

∑
q

(
1 +

ωq
2

) 4π2
(
L2f
D

)2
L4ω2

q + 4π2
(
L2f
D

)2 . (2.95)

The above expression can be represented in an integral form and, for small fre-
quencies and in the thermodynamic limit L → ∞, we obtain a scaling regime as
discussed below. Furthermore, Eq. (2.95) shows that, as ỹ → ∞, the scaled power
spectrum of instantaneous currents diverges with the system size as 2L− 1 [see Fig.
2.5]. The above-mentioned scaling function for the power spectrum of instantaneous
bond current as a function of scaled frequency ỹ has an integral representation in
the lower frequency regime D/L2 ≪ f ≪ 1. The integral representation, to a good
approximation, is given by

H(ỹ) ≃ lim
L→∞

L

π

π∫
2π/L

dq

[
1 +

ω(q)

2

]
1

1 + L4ω(q)2

4π2ỹ2

, (2.96)
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Figure 2.5: The scaled power spectrum of instantaneous current, LS̃J (f)/(2χ), in
the steady state is plotted as a function of scaled frequency L2f/D for various
chipping parameters and system sizes. The cyan solid line corresponds to ζ = 0.25
and L = 1000, the magenta solid line corresponds to ζ = 0.90 and L = 1000,
the red solid line corresponds to ζ = 0.25 and L = 500, and the green solid line
corresponds to ζ = 0.90 and L = 500, all at a global density of ρ̄ = 1. The blue
dashed line shows ỹ1/2 scaling behavior in the low-frequency regime as in Eq.(2.97)
and red dashed lines represent LS̃J (f)/(2χ) diverges as system size 2L − 1 at the
high-frequency limit. The solid color lines represent the simulation results, while
the black solid line represents the theoretical prediction from Eq.(2.95).

where ω(q) = 2(1− cos q). Now after variable transformation z = ω(q)L2 and then
by taking L→∞, we obtain the following expression of the scaling function,

H(ỹ) ≃ 1

2π

∞∫
0

dz

z1/2[1 + z2

4π2ỹ2
]
≃
√
ỹπ

4
. (2.97)

In Fig. 2.5, one can see that the scaled power spectrum of the instantaneous bond
current, denoted as LS̃J (f)/(2χ), plotted against the scaled frequency L2f/D for
various chipping parameters and system sizes, where global density ρ̄ = 1. The
simulation results are depicted by using solid colored lines, while the black solid
line represents theoretical predictions from Eq.(2.95), which agree very well with
the simulation data. Additionally, in the lower scaled-frequency range, we have
included a guiding line representing ỹ1/2 behavior, as specified in Eq.(2.97). Accord-
ing to Eq.(2.97), the power spectrum of instantaneous current displays a power-law
behavior f 1/2 in the low-frequency regime. Indeed, it can be immediately inferred
that, in the temporal domain, the correlation of instantaneous current has a scal-
ing behavior of ⟨J0(t)J0(0)⟩ ∼ t−3/2 power-law decay, which is consistent with Eq.
(2.89).

2.3.5 Subsystem mass fluctuations

In the previous sections, we have performed a detailed study of dynamic current-
current correlation and the associated power spectrum for instantaneous current.
In this section, we study the power spectrum for subsystem mass fluctuation. To
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this end, we first calculate the two-point dynamic correlation function Cmm
r (t, 0) =

⟨mi(t)mi+r(0)⟩ − ⟨mi(t)⟩ ⟨mi+r(0)⟩ for local mass. By employing the microscopic
update rules, we derive the time-evolution equation for Cmm

r (t, 0) ≡ Cmm
r (t),

d

dt
Cmm
r (t) = D

∑
k

∆0,k ⟨mk(t)mr(0)⟩c

= D
∑
k

∆0,kC
mm
k (t).

(2.98)

The solution of the above equation can be written in terms of Fourier modes,

C̃mm
q (t) = e−DωqtC̃mm

q (0), (2.99)

where C̃mm
q is the Fourier transform of Cmm

r . The equal-time two-point mass corre-
lation function Cmm

r (0) corresponds to the steady-state mass-mass correlation Cmm
r

mentioned in Eq.(2.51). At this point, one can check that the equal-time mass cor-
relation Cmm

r has a direct connection with the scaled subsystem-mass fluctuation,

σ2
M ≡ lim

l→∞

⟨M2
l ⟩ − ⟨Ml⟩2

l
=

r=∞∑
r=−∞

Cmm
r =

χ

D
, (2.100)

where boundary contribution of Cmm
r has been neglected in the limit of large sub-

system size l→∞.

Note that, in Eq. (2.100), the density-dependent transport coefficient - the col-
lective particle mobility χ(ρ̄) - is defined purely from current fluctuations in the
systems, where the particle-hopping rates are strictly symmetric in either direc-
tion. Indeed, the essence of the recently developed macroscopic fluctuation theory
for diffusive systems [54] is that for “gradient-type models”, the current fluctua-
tions can be alternatively calculated using a slightly different approach, where the
particle-hopping rates are biased in a certain direction. Essentially, this amounts to
applying a small biasing force in that direction so that the hopping rates become
slightly asymmetric and a small current is generated in the system. Interestingly,
this particular scheme leads to the definition of another transport coefficient, which
we call an “operational” mobility and characterizes the response (i.e., the small cur-
rent generated) of the system to a small biasing force field F ; for simplicity, the
biasing field is assumed to be constant throughout. Indeed, in Ref. [80], one of
us previously introduced such a biasing force, which modifies the original unbiased
(symmetric) hopping rates of the MCMs. Of course, in the absence of the force F ,
we recover the original time-evolution equation (2.6)). In that case, a time-evolution
equation for local density field, as opposed to the unbiased scenario as in Eq.(2.6)),
is given by [80]

dρi
dt

=
ζ̃

2
(ρi+1 − 2ρi + ρi−1) +

ζ̃2

12
F
(〈
m2
i−1

〉
−
〈
m2
i+1

〉)
, (2.101)

where we denote local density ρi(t) = ⟨mi(t)⟩ at site i. By scaling space and time as
x = i/L and τ = t/L2 and the biasing force as F = F̃ /L, the time-evolution equation
for density field ρ(x, τ) as a function of the rescaled space and time variables can be
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expressed in terms of a continuity equation,

∂τρ(x, τ) = −∂x
[
−D∂xρ(x, τ) + χopF̃ ρ(x, τ)

]
= −∂xJ(x, τ),

(2.102)

where the total local current J = Jdiff + Jdrift is written as the sum of the dif-
fusive current Jdiff = −D∂xρ(x, τ) and drift current Jdrift = χopF̃ ; here the two
transport coefficients - the bulk-diffusion coefficient and the “operational” mobility
are given by D = ζ̃/2 and χop = ⟨m2

i ⟩ /6, respectively. The latter identity imme-
diately implies, directly through Eq.(2.31), a fluctuation-response relation between
the operational mobility and the current fluctuation,

χop(ρ̄) ≡
[
∂Jdrift

∂F̃

]
F̃=0

= σ2
Q ≡ χ(ρ̄). (2.103)

In other words, here we have derived a nonequilibrium version of the celebrated
Green-Kubo relation for (near) equilibrium systems. We can immediately derive
a nonequilibrium version of another celebrated relation for systems in equilibrium,
called the Einstein relation, which connects the scaled mass fluctuation, the bulk-
diffusion coefficient and the “operational” mobility, i.e.,

χop ≡
[
∂Jdrift

∂F̃

]
F̃=0

= Dσ2
M , (2.104)

where we have used the already derived fluctuation relation as given in Eq.(2.100).
Notably, the above equation is exact for the MCMs studied in this chapter and
the above analysis constitutes a rigorous microscopic derivation of the Green-Kubo-
like fluctuation-response relation in a system having a nonequilibrium steady state.
Furthermore, by using Eq.(2.83) and Eq. (2.100), we can immediately derive another
nonequilibrium fluctuation relation, between the fluctuation of mass and that of
current, as expressed in the following equation,

σ2
M =

σ2
Q

2D
. (2.105)

It is not difficult to see that the above relation is nothing but a slightly modified
version of the equilibrium-like Einstein relation as given in Eq. (2.104). While the
above set of fluctuation relations are quite well established in the context of equi-
librium systems, their existence in systems having a nonequilibrium steady state is,
however, nontrivial, and there is no rigorous proof for it in nonequilibrium many-
particle systems in general. Indeed, some theoretical understanding has been grad-
ually emerging for a somewhat restricted class of nonequilibrium systems having
diffusive bulk dynamics, which violate detailed balance in the bulk to which these
MCMs belong.

Now, in order to solve Eq. (2.99), we must determine the steady-state mass-mass
correlation, whose Fourier modes are given by

Cmm
q =

χ

D

(
1 +

ωq
2

)
. (2.106)
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We substitute the above into Eq. (2.99) to obtain

C̃mm
q (t) =

χ

D
e−Dωqt

(
1 +

ωq
2

)
. (2.107)

Finally, by using inverse Fourier transform of the above equation, we get the corre-
lation function as a function of time,

Cmm
r (t) =

χ

D

1

L

∑
q

e−iqre−Dωqt
(
1 +

ωq
2

)
. (2.108)

To calculate the large-time asymptotics, we express the above expression by setting
r = 0 and write it in an integral form as

Cmm
0 (t) ≃ χ

πD

π∫
0

dqe−Dω(q)t
[
1 +

ω(q)

2

]
. (2.109)

We approximate ω(q) ≈ q2, perform a variable transformation z = Dtq2 and simplify
the above equation as

Cmm
0 (t) ≃ χ

πD
√
4Dt

π∫
0

z−
1
2 e−zdz, (2.110)

where the subleading termO(t−3/2) is neglected. By using the integral
∫∞
0
z−

1
2 e−zdz =√

π in the above equation, we obtain the desired asymptotic expression,

Cmm
0 (t) ≃ χ

D
√
4πD

t−1/2. (2.111)

We now consider a subsystem of size l < L with a total mass Ml(t) =
∑l−1

i=0mi(t)
and calculate the unequal-time correlation function CMlMl(t, 0) ≡ CMlMl(t) for sub-
system mass,

CMlMl(t) =

〈
l−1∑
i=0

mi(t)
l−1∑
j=0

mj(0)

〉
c

. (2.112)

Upon simplifying the above equation, we obtain the following identity

CMlMl(t) = lCmm
0 (t) +

l−1∑
r=1

(l − r)
[
Cmm
r (t) + Cmm

−r (t)
]
. (2.113)

After substituting Eq.(2.108) into the above equation and by performing some alge-
braic manipulations, we arrive at the expression,

CMlMl(t) =
χ

D

1

L

∑
q

e−Dωqt
(
1 +

ωq
2

) ωlq
ωq
. (2.114)

Now, we derive the asymptotic behavior of the dynamic correlation function CMlMl(t)
for subsystem mass, which appeared in Eq.(2.114). At time t = 0, it takes a maxi-
mum value and, subsequently, it decays as a function of time t. To extract the time
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dependence, we isolate CMlMl(t) by subtracting it from its maximum value and then
express the equation in an approximate integral form as

CMlMl(0)− CMlMl(t) ≃ 2χ

πD

π∫
0

dq
[
1− e−Dω(q)t

] [
1 +

ω(q)

2

]
1

ω(q)
. (2.115)

Again, by approximating ω(q) ≈ q2 and performing a variable transformation z =
Dtq2, we simplify the above equation in the leading order as

CMlMl(0)− CMlMl(t) ≃ χ
√
t

π
√
D

∞∫
0

z−3/2(1− e−z)dz. (2.116)

By using
∫∞
0
z−3/2(1 − e−z)dz = 2

√
π, we obtain the asymptotic expression of the

dynamic correlation function for the subsystem mass,

CMlMl(t)− CMlMl(0) ≃ − 2χ√
πD

t1/2. (2.117)

We can also calculate the power spectrum of subsystem mass fluctuation SMl
(f) by

calculating the Fourier transform of Eq. (2.114),

SMl
(f) = lim

T→∞

T∫
−T

dt CMlMl(t, 0)e2πift. (2.118)

Upon performing the aforementioned integration, we derive the desired expression
for the power spectrum,

SMl
(f) =

2χ

L

∑
q

(
1 +

ωq
2

) ωlq
ω2
qD

2 + 4π2f 2
, (2.119)

where ωq = 2(1 − cos q), with q = 2πn/L and n = 1, 2, · · · , L − 1. We then obtain
another scaling function, denoted as F , that connects, for large f−1, L ≫ 1, the
power spectrum SMl

(f) to a scaled frequency as

lim
f−1,L→∞

F
(
L2f

D

)
=

D2

2χL3
SMl

(f) = lim
f−1,L→∞

∑
q

(
1 +

ωq
2

) ωlq
L4ω2

q + 4π2(L2f/D)2
,

(2.120)
where the scaling function can be well approximated through the following integral
representation,

F(ỹ) ≃ lim
L→∞

L

π

π∫
2π/L

dq

[
1 +

ω(q)

2

]
ω(lq)

4π2ỹ2 + L4ω(q)2
. (2.121)

For large subsystem size 1 ≪ l < L, the function ω(lq) exhibits high-frequency
oscillations with values in the range of [0, 4], leading to an approximation of ω(lq) ≈
2. Additionally, we use the transformation z = ω(q)L2 and then by taking L→∞,
we obtain the following expression of the scaling function,

F(ỹ) ≃ 1

4π3ỹ2

∞∫
0

dz

z1/2
(
1 + z2

4π2ỹ2

) , (2.122)
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Figure 2.6: The scaled subsystem mass power spectrum, D2S̃Ml
(f)/(2χL3), in the

steady state is plotted as a function of the scaled frequency L2f/D for various
chipping parametre and system sizes. The lines, colored cyan (ζ = 0.25, L = 1000),
magenta (ζ = 0.90, L = 1000), red (ζ = 0.25, L = 500), and green (ζ = 0.90,
L = 500), represent simulation data, all obtained at a global density of ρ̄ = 1.
In the low-frequency range, the red dashed line demonstrates a scaling behavior of
F(ỹ) as ỹ−3/2 [as in Eq.(2.123)]. The black solid line corresponds to theoretical
predictions [as mentioned in Eq.(2.120)].

which, after evaluating the integral, leads to the asymptotic form of the scaled power
spectrum of the subsystem mass fluctuation,

F(ỹ) ≃ (ỹπ)−3/2

4
. (2.123)

The above equation implies that, in a low-frequency regime, the power spectrum
of the subsystem mass displays a power-law behavior f−ψM with an exponent of
ψM = 3/2. It is also evident that, in the temporal domain, the correlation of the
subsystem mass ⟨Ml(t)Ml(0)⟩c scales as tψM−1, which is, interestingly, a t1/2 power-
law growth.

In Fig. 2.6, we plot the scaled power spectrum D2S̃Ml
(f)/(2χL3) for subsystem

mass as a function of the scaled frequency L2f/D for various chipping parameters
and system sizes, along with theoretical predictions provided there as black solid
line for comparison purpose. The power spectrum exhibits a power-law scaling in
the low-frequency range, with the red dashed line indicating a ỹ−3/2 behavior. The
simulation results (solid colored lines) are in excellent agreement with the theoretical
predictions (black solid line).

2.4 Model: MCM II

In this section, we apply the theoretical framework developed in the previous sections
for calculating various dynamic quantities for MCM II and present the significant
findings for the system.
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2.4.1 Time-integrated current fluctuation

The time-integrated bond-current fluctuation for MCM II is described by the expres-
sion as given in eq. (2.124). In this case, the strength of the fluctuating current is
characterized by Γr = 2χδ0,r, where the bulk diffusion coefficient is given byD = ζ̃/4
and the density-dependent mobility χ(ρ̄) = ζ̃2ρ̄2/2(3− 2ζ̃) remains identical to that
for MCM I [see Eqs. (2.31) and (2.32)]. It is worth mentioning that, for MCM II,
both the steady-state density correlation Cmm

r and the strength of the fluctuating
current Γr are delta-correlated, indicating the absence of nearest-neighbor correla-
tions (see Table I for comparison between models); also Γr and C

mm
r are related by

a scaling factor (the bulk diffusivity D) as given in Eq.(2.34), and this particular
relationship holds true for this model as well.

For MCM II, we proceed to calculate the second cumulant or the variance ⟨Q2
i (T )⟩c =

⟨Q2
i (T )⟩ = CQQ

0 (t, t) of time-integrated bond-current fluctuation in the steady-state
for equal time t′ = t = T and in the same space, i.e., r = 0. The resulting expression
is as follows:

⟨Q2
i (T )⟩ =

2χT

L
+

2χ

L

L−1∑
n=1

(1− e−DωnT )

Dωn
, (2.124)

where ωn = 2(1− cos(2πn/L)), with n = 1, · · · , L− 1. If we take the T →∞ limit
first in the above equation, we get the following expression,

⟨Q2
i (T )⟩ ≃

2χT

L
+
χL

6D
=

2χT

L

[
1 +O

(
L2

DT

)]
. (2.125)

It is worth noting that the term χL/6D in the above equation can be neglected since
the leading contribution will arise from the term 2χT/L as T ≫ L2. In the smaller
time regime where DT ≪ 1, Eq.(2.124) can be simplified as

⟨Q2
i (T )⟩ = Γ0T = 2χT, (2.126)

where the strength of the fluctuating current Γ0 is equal to 2χ, which differs from
the value in the case of MCM I (as demonstrated in Eq.(2.33)). Furthermore, in
the regime where DT ≫ 1, we find that the scaling function W(y), with the scaling
variable y = DT/L2, has the exactly same form as presented in Eq.(2.67), as found
in MCM I. In left panel of Figure 2.7, We plot the second cumulant or the variance
of time-integrated bond-current, ⟨Q2

i (T )⟩c = ⟨Q2
i (T )⟩, as a function of time T . We

highlight the early-time behavior of ⟨Q2(T )⟩, which scales as Γ0T and is described
in Eq.(2.126). Additionally, in the right panel of the figure, we plot the scaled
fluctuation ⟨Q2

i (T )⟩D/(2χL) of the time-integrated bond current as a function of the
scaled time DT/L2. We include guiding lines that illustrate the asymptotic behavior
of the scaling function W(y). Thus the overall behavior for the temporal growth
of the time-integrated bond-current fluctuation exhibits three distinct (asymptotic)
regimes:

⟨Q2
i (T )⟩ =


2χT for DT ≪ 1
2χ√
Dπ
T 1/2 for 1≪ DT ≪ L2

2χ
L
T for DT ≫ L2.

(2.127)
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Figure 2.7: Left panel: We plot the second cumulant, or the variance, ⟨Q2
i (T )⟩c =

⟨Q2
i (T )⟩ of time-integrated bond-current in the steady state as a function of time T

for various chipping parameters and system sizes. For both this panel, the cyan (ζ =
0.25, L = 1000), magenta (ζ = 0.90, L = 1000), red (ζ = 0.25, L = 500), and green
(ζ = 0.90, L = 500) lines represent simulation data at a global density of ρ̄ = 1. The
red dashed line corresponds to the behavior Γ0T for ζ = 0.90 (refer to Eq.(2.126)),
while the blue and green dashed lines represent sub-diffusive growth, approximately
scaling as ∼ T 1/2, and diffusive growth, approximately scaling as ∼ T , respectively,
as discussed in Eq.(2.127) Right panel: We plot the scaled time-integrated bond-
current fluctuation, ⟨Q2

i (T )⟩D/(2χL), in the steady state as a function of scaled
time DT/L2 for various chipping parameters and system sizes. The two dashed
lines serve as a guide, indicating that W(y) exhibits sub-diffusive growth ∼ y1/2 (in
blue) at early (hydrodynamic) times, followed by diffusive growth as ∼ y (in green)
at long times [as in Eq.(2.69)]. The solid color lines illustrate the simulation results,
while the black solid line represents the theoretical results obtained from Eq.(2.124)
upon suitable scaling.
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Figure 2.8: The scaled power spectrum of instantaneous current, LS̃J (f)/(2χ), in
the steady state is plotted as a function of scaled frequency L2f/D for various
chipping parameters and system sizes. The cyan solid line corresponds to ζ = 0.25
and L = 1000, the magenta solid line corresponds to ζ = 0.90 and L = 1000, the red
solid line corresponds to ζ = 0.25 and L = 500, and the green solid line corresponds
to ζ = 0.90 and L = 500, all at a global density of ρ̄ = 1. The blue dashed line shows
ỹ1/2 scaling behavior in the low-frequency regime as in Eq.(2.97) and red dashed lines
represent LS̃J (f)/(2χ) diverges as system size L−1 at the high-frequency limit. The
solid color lines represent the simulation results, while the black solid line represents
the theoretical predictions of Eq.(2.128) upon suitable scaling.

2.4.2 Instantaneous bond-current fluctuations

Using the theory presented in Section 2.3, we also compute the power spectrum
of the instantaneous bond current Ji(t) in MCM II. The expression for the power
spectrum can be written as

S̃J (f) =
2χ(ρ̄)

L

∑
q

4π2f 2

D2ω2
q + 4π2f 2

, (2.128)

where ωq = 2(1 − cos q) with q = 2πn/L and n = 1, 2, · · · , L − 1. The above
expression exhibits an asymptotic behaviorH(ỹ) ∼ ỹ1/2 in the low-frequency regime,
quite similar to that for MCM I as mentioned in Eq.(2.97). Furthermore, H(ỹ)
diverges as L− 1 in the limit ỹ →∞ (i.e., for T ≫ L2).

In Figure 2.8, the scaled power spectrum LS̃J (f)/(2χ) of the instantaneous bond
current is plotted against the scaled frequency L2f/D. Simulation and theoretical
results are found to be in excellent agreement with each other. Additionally, in the
low-frequency range, we have included a guiding line ∼ ỹ1/2, which is obtained from
the integral representation of Eq.(2.128). This behavior is consistent with what was
mentioned earlier in the context of MCM I.

51



101 102 103 104 105 106 107

fL2/D

10−12

10−10

10−8

10−6

10−4

D
2 S

M
l(f
)/(
2χ

L3
)

̃y −3/2

λ=0.25̃ L=1000
λ=0.90̃ L=1000
λ=0.25̃ L=500
λ=0.90̃ L=500
Theory

Figure 2.9: The scaled subsystem mass power spectrum, D2S̃Ml
(f)/(2χL3), in the

steady state is plotted as a function of scaled frequency L2f/D for various chipping
parametre and system sizes. The cyan solid line corresponds to ζ = 0.25 and
L = 1000, the magenta solid line corresponds to ζ = 0.90 and L = 1000, the red
solid line corresponds to ζ = 0.25 and L = 500, and the green solid line corresponds
to ζ = 0.90 and L = 500, all at a global density of ρ̄ = 1. The red dashed line
shows a ỹ−3/2 scaling behavior in the low-frequency regime. The solid color lines
represent the simulation results, while the black solid line represents the theoretical
predictions of Eq.(2.129) upon suitable scaling, which matches the simulation data.

2.4.3 Subsystem mass fluctuations

For MCM II, we compute another time-dependent quantity - the power spectrum
SMl

(f) for subsystem mass,

SMl
(f) =

2χ

L

∑
q

ωvq
ω2
qD

2 + 4π2f 2
. (2.129)

We can now calculate the scaling function F(ỹ) associated with the above-mentioned
power spectrum of subsystem mass. Notably, it exhibits a ỹ−3/2 power-law behav-
ior in the low-frequency regime, similar to that observed in the case of MCM I
mentioned in Eq.(2.123). In Figure 2.9, the scaled subsystem-mass power spectrum
D2S̃Ml

(f)/(2χL3) is plotted against the scaled frequency L2f/D for various chip-
ping parameters and system sizes. The red dashed line exhibits a ỹ−3/2 power-law
behavior in the low-frequency regime. The solid color lines represent the simula-
tion results and the black solid line corresponds to the theoretical predictions from
Eq.(2.129), which matches quite well with the simulation data when suitably scaled.

2.5 MCM III

In this section, we compute the dynamic correlations for current and mass in the case
of MCM III, which has been extensively investigated in the past, to explain wealth
distribution in a population [21, 58, 59]. It is worth noting that, upon appropriate
scaling, the dynamic correlations for MCM III turn out to be similar to those for
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Figure 2.10: Left panel: The second cumulant, or the variance, ⟨Q2
i (T )⟩c = ⟨Q2

i (T )⟩
of time-integrated bond-current in the steady state is plotted as a function of time
T for various chipping parameter and system sizes. For both this panel, the cyan
(ζ = 0.25, L = 1000), magenta (ζ = 0.90, L = 1000), red (ζ = 0.25, L = 500), and
green (ζ = 0.90, L = 500) lines represent simulation data for global density ρ̄ = 1.
The red dashed line represents the behavior Γ0T for ζ = 0.90 [see Eq(2.126)], while
the blue and green dashed lines represent sub-diffusive T 1/2 and diffusive T growth,
respectively, as mentioned in Eq.(2.127). Right panel: The plot shows the scaled
time-integrated bond-current fluctuation, ⟨Q2

i (T )⟩D/(2χL), in the steady state as
a function of scaled time DT/L2 for different chipping parameter and system sizes.
The two dashed lines serve as guides, indicating that W(y) exhibits sub-diffusive
y1/2 growth (blue) at early times, followed by diffusive y growth (green) at later
times [as in Eq.(2.69)]. Solid-color lines represent simulations, while the black solid
line represents the theoretical prediction obtained from Eq.(2.124), which perfectly
matches the simulation data when suitably scaled.

MCM II, due to the fact that both these models exhibit similar density correlations
(with vanishing neighboring correlations).

2.5.1 Time-integrated current fluctuation

The time-integrated bond current fluctuation in MCM III takes an identical form to
that of MCM II, as shown in Eq.(2.124). Indeed the strength Γ0 of the fluctuating
current and the particle χ are the same as in MCM II. Also the bulk diffusivity
D = ζ̃/2 for MCM III is again independent of density.

In left panel of Figure 2.10, we plot the second cumulant or the variance of
time-integrated bond-current, ⟨Q2

i (T )⟩c = ⟨Q2
i (T )⟩, as a function of time T in the

steady state. The early-time behavior of ⟨Q2
i (T )⟩, which scales as Γ0T according

to Eq.(2.126), is highlighted. In the right panel, we plot the scaled fluctuation of
the time-integrated current, ⟨Q2

i (T )⟩D/(2χL), as a function of scaled time DT/L2.
Solid color lines represent simulation results, while the black solid line represents
the theoretical prediction obtained from Eq.(2.124), which agrees well with the sim-
ulation data when appropriately scaled. Guiding lines illustrate the asymptotic
behavior of the scaling function W(y).
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Figure 2.11: The scaled power spectrum of instantaneous current, LS̃J (f)/(2χ),
in the steady state is plotted as a function of scaled frequency L2f/D for various
chipping parameters and system sizes. The cyan solid line corresponds to ζ = 0.25
and L = 1000, the magenta solid line corresponds to ζ = 0.90 and L = 1000, the red
solid line corresponds to ζ = 0.25 and L = 500, and the green solid line corresponds
to ζ = 0.90 and L = 500, all at a global density of ρ̄ = 1. The blue dashed line
shows ỹ1/2 scaling behavior in the low-frequency regime and the red dashed lines
represent the power spectrum diverges as L − 1 at the high-frequency limit. The
solid color lines represent the simulation results, while the black solid line represents
the theoretical predictions of Eq.(2.128) upon suitable scaling, which fully matches
the simulation data.

2.5.2 Instantaneous bond-current fluctuations

For MCM III, the power spectrum of instantaneous bond current exhibits the same
form as mentioned in Eq.(2.128), with D = ζ̃/2 and the particle mobility χ(ρ̄) =
ζ̃2ρ̄2/2(3−2ζ̃) being the same as above mentioned MCMs (MCM I and MCM II). In
Fig. 2.11, the scaled power spectrum LS̃J (f)/(2χ) of the instantaneous bond current
is plotted against the scaled frequency L2f/D. Both simulation and theoretical
results are shown to have an excellent agreement with each other. Additionally,
in the low-frequency range, we have included a guiding line ∼ ỹ1/2; this particular
behavior is consistent with what was mentioned earlier in the context of MCM I [see
Eq.(2.97)].

2.5.3 Subsystem Mass fluctuations

In this section, we discuss the subsystem-mass power spectrum, which has the same
form as in Eq.(2.129). In Figure 2.12, we plot the scaled subsystem mass power spec-
trum, denoted as D2S̃Ml

(f)/(2χL3), against the scaled frequency L2f/D for various
chipping parameters and system sizes. Solid color lines represent simulation results,
and the black solid line corresponds to theoretical predictions from Eq.(2.129), in
agreement with the simulation data when suitably scaled. The red dashed line shows
a ỹ−3/2 scaling behavior at low frequencies, as in MCM I [see Eq.(2.123)].
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Figure 2.12: The scaled subsystem mass power spectrum, D2S̃Ml
(f)/(2χL3), in the

steady state is plotted as a function of scaled frequency L2f/D for various chipping
parameter and system sizes. The cyan solid line corresponds to ζ = 0.25 and
L = 1000, the magenta solid line corresponds to ζ = 0.90 and L = 1000, the red
solid line corresponds to ζ = 0.25 and L = 500, and the green solid line corresponds
to ζ = 0.90 and L = 500, all at a global density of ρ̄ = 1. The red dashed line shows
a ỹ−3/2 scaling behavior in the low-frequency regime. The solid color lines represent
the simulation results, while the black solid line represents the theoretical prediction
from Eq.(2.129) upon suitable scaling.

2.6 Comparison of models

In this section, we perform a comparative study of various dynamical quantities for
the three models studied in this chapter: MCM I, MCM II, and MCM III. In par-
ticular, we do a comparative investigation of the scaled variance of time-integrated
bond-current described by the scaling function W(y) with y being the scaled time
y = DT/L2, the scaled power spectrum of instantaneous currents H(ỹ), and the
scaled subsystem mass power spectrum F(ỹ) with ỹ being the scaled frequency
ỹ = fL2/D. In Fig. (2.13), we plot the above-mentioned dynamical quantities as a
function of the scaled time and frequencies. Remarkably, despite the different micro-
scopic dynamical rules, there exists a universal scaling regime where all three models,
in fact, exhibit the same behavior, where the subdiffusive and diffusive growth of
bond-current variance are connected through the same scaling function. However,
outside the scaling regime, the temporal growth of the variance of the bond cur-
rent is linear in time, though the prefactors are different in different models. These
differences are accurately captured in both the simulations and the corresponding
theoretical predictions, providing insights into the quantitatively different dynamical
properties of current fluctuations at small scales.
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Figure 2.13: Panel (a): Scaled time-integrated bond-current fluctuation,
⟨Q2

i (T )⟩D/(2χL), as a function of scaled time DT/L2 for MCM I (blue solid line),
MCM II (magenta solid line), and MCM III (orange solid line) in the steady state.
The two dashed lines serve as guides, indicating that W(y) (red dashed; see Eq.
(2.67)) exhibits sub-diffusive behavior as ∼ y1/2 (in blue) at early times, followed by
diffusive growth as ∼ y (in green) at later times. Panel (b): Scaled power spectrum
of instantaneous currents, LS̃J (f)/(2χ), in the steady state is plotted as a function
of scaled frequency L2f/D for various chipping parameter and system sizes. The
blue dashed line represents the ỹ1/2 scaling behavior of H(ỹ) in the low-frequency
regime. In contrast, the power spectrum exhibits divergence, reaching 2L − 1 (red
dashed line) for MCM I and L − 1 (lime dashed line) for MCM II and MCM III
in the high-frequency limit. Panel (c): Scaled subsystem mass power spectrum,
D2S̃Ml

(f)/(2χL3), in the steady state, is plotted as a function of scaled frequency
L2f/D for various chipping parameters and system sizes. The red dashed line shows
a ỹ−3/2 scaling behavior of F(ỹ) in the low-frequency regime. In all of these panels,
we have used a fixed chipping parameter ζ = 0.5, global density ρ̄ = 1.0, and a
system size of L = 1000. Simulation data for MCM I, MCM II, and MCM III are
represented by blue, magenta, and orange solid lines, respectively. Black dashed
lines correspond to theory for MCM I, while black solid lines represent theory for
MCM II and MCM III, respectively.

We provide in Table 2.1 a concise description concerning the similarities and dif-
ferences among the three models, in terms of their time-dependent properties. To
begin with, we highlight the transport coefficients - the bulk-diffusion coefficient D
and the particle mobility χ(ρ̄) for each model. Notably, D is constant (independent
of density) for all three models; however, the mobility χ is density dependent (pro-
portional to the square of the density). The table displays the density correlation
function Cmm

r for these models. MCM I possesses finite (nonzero) nearest-neighbor
spatial correlations, whereas MCM II and MCM III lack such correlations. The table
also presents the strength Γr of fluctuating (“noise”) current for the models, with
each of the models having a distinct value. However, it is important to note that
the relationship Γr = Cmm

r /2D holds true for all models; presumably this relation
is valid for diffusive systems in general. Lastly, the table compares the source term
Ar appearing in the time-evolution equation for the mass-current correlation func-
tion, where the Fourier mode f̃q of the quantity Ar is useful in explicitly calculating
various dynamic quantities).
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Quantity MCM I MCM II MCM III

Bulk-
diffusion
coefficient D

ζ̃
2

ζ̃
4

ζ̃
2

Mobility χ ζ̃2

2(3−2ζ̃)
ρ̄2 ζ̃2

2(3−2ζ̃)
ρ̄2 ζ̃2

2(3−2ζ̃)
ρ̄2

Density
correlation
function
Cmm

r

ζ̃

2(3−2ζ̃)
ρ̄2[4δ0,r−δr,1−

δr,−1]
2ζ̃

(3−2ζ̃)
ρ̄2δ0,r

ζ̃

(3−2ζ̃)
ρ̄2δ0,r

Γr

ζ̃2

2(3−2ζ̃)
ρ̄2[4δ0,r−δr,1−

δr,−1]
ζ̃2

(3−2ζ̃)
ρ̄2δr,0

ζ̃2

(3−2ζ̃)
ρ̄2δr,0

Ar

ζ̃2

4(3−2ζ̃)
ρ̄2[−5(δr,0 −

δr,−1) + (δr,1− δr,−2)]

−1
2

ζ̃2

(3−2ζ̃)
ρ̄2(δr,0−

δr,−1)

−1
2

ζ̃2

(3−2ζ̃)
ρ̄2(δr,0−

δr,−1)

f̃q
− ζ̃2

2(3−2ζ̃)
ρ̄2(1 −

e−iq)
(
1 + wq

2

) − ζ̃2

2(3−2ζ̃)
ρ̄2(1 −

e−iq)

− ζ̃2

2(3−2ζ̃)
ρ̄2(1 −

e−iq)

Table 2.1: We highlight various key quantities, which are explicitly required to
calculate the steady-state dynamical correlations in MCM I, MCM II, and MCM III.
These quantities are the transport coefficients, such as the bulk-diffusion coefficient
D and the mobility χ, and, additionally, density correlation function Cmm

r , strength
Γr of fluctuating current, the source term Ar in time-evolution equation for (equal-
time) mass-current correlation function, and its Fourier mode f̃q.
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2.7 Summary and Conclusion

In this chapter, we exactly calculate the steady-state dynamic correlation functions
for mass and current in a broad class of conserved-mass transport processes, called
mass chipping models (MCMs), on a one-dimensional ring. All of these systems, for
which our analytical scheme should work, share the following simplifying feature:
The mass-chipping rates in the system are constant and do not depend on the de-
parture and destination sites, where the mass is chipped off from or is transferred to,
respectively. The crucial consequence of the above feature is that the local diffusive
current, being a (discrete) gradient of local mass variable, is a linear function of
local mass; in other words, the bulk-diffusion coefficient is independent of density.

Notably, despite having the aforementioned linearity property, these systems,
which are nothing but the variants of the intensively studied many-body systems
called the random average processes (RAPs) [16], violate detailed balance in the
bulk and, unlike simple exclusion processes (SEPs) and zero range processes (ZRPs),
have nontrivial spatial structures even on a periodic lattice. Indeed, in most cases
(a notable exception being the Kipnis-Marchioro-Presutti (KMP) model [15]), their
steady-state measures (on a ring) are not described by the equilibrium Boltzmann-
Gibbs distribution and a priori not known. For all variants of MCMs considered here,
we find three qualitatively different temporal growth regimes for the fluctuation of
the time-integrated bond current in the steady state. For initial times, the time-
integrated current fluctuation grows linearly with time T , with a proportionality
factor being Γ0, which, however, is a model-dependent quantity and determined
here exactly for each of the models. In the intermediate but large time regime
1/D ≪ T ≪ L2/D, withD being the bulk-diffusion coefficient, we find subdiffusive -
T 1/2 - growth of the bond-current fluctuation, where the density-dependent prefactor
of T 1/2 growth are calculated exactly. This subdiffusive growth is again followed by
a linear, or diffusive, growth of current fluctuation in the long-time regime (T ≫
L2). Furthermore, by using a microscopic approach, we exactly calculate a model-
independent scaling function W(y) ≡ D⟨Q2

i (T )⟩/2χL as a function of a scaling
variable y = DT/L2, where D, χ and L are the bulk-diffusion coefficient, mobility,
and system size L, respectively. It is quite interesting that a single scaling function
connects both the intermediate-time subdiffusive and long-time diffusive growths of
the time-integrated bond-current fluctuations.

We also analytically calculate the dynamic correlation function for instantaneous
bond current. We show that similar to the SEP [78], the correlation function for bond
current decays as t−3/2 even if the MCMs, unlike the SEP on a periodic domain, have
nontrivial spatial structures in bulk. Notably, the correlation function has a delta-
correlated part at t = 0 and its magnitude for t > 0 is in fact negative Despite the
fact that there is no restriction on single-site occupancy of mass, i.e., mass at a site
is unbounded (unlike the SEP), the negative part of the current correlation function
is directly responsible for the subdiffusive growth of the bond current fluctuation in
the thermodynamic limit. The power-law behavior of dynamic current correlations
is consistent with the exact calculation of the current power spectrum S̃J (f), which
has a low-frequency asymptotic behavior S̃J (f) ∼ fψJ with ψJ = 1/2. Furthermore,
we exactly obtain the scaling function H(ỹ), which represents the rescaled power
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spectrum of the current LS̃J (f)/2χ as a function of the scaled variable ỹ = fL2/D.

Furthermore, we compute the scaled subsystem mass fluctuation, which is shown
to be identically equal to the suitably scaled dynamic fluctuation of the space-
time integrated current Qsub(l, T ), divided by a factor of 2D, with D being the
bulk-diffusion coefficient [see Eq.(2.105)]. This particular fluctuation relation in the
context of MCMs is nothing but a nonequilibrium version of the celebrated equilib-
rium Einstein relation. It should be noted that the fluctuation relation requires the
scaled fluctuation of space-time integrated current to be calculated in the thermo-
dynamic limit, i.e., by first taking the infinite subsystem size limit l→∞, followed
by the infinite time limit T → ∞. In this specific order of limits, we also show
that liml→∞ limT→∞⟨Q2

sub(l, T )⟩/lT is identically equal to the spatial sum of the
strength Γr of the fluctuating bond current. As a simple consequence of the Ein-
stein relation, the correlation functions of mass and fluctuating current are related
via Cmm

r = Γr/2D. We also calculate the unequal-time correlation function of the
total mass of a subsystem and its power spectrum SMl

, which decays as SMl
∼ f−ψM ,

with ψM = 3/2, consistent with the scaling relation ψJ = 2 − ψM [42]. The scaled
power spectrum of subsystem mass, D2SMl

(f)/2χL3, can also be expressed in terms
of a scaling function F(ỹ) with scaling variable ỹ = fL2/D.

Notably, the qualitative behavior of time-integrated bond-current fluctuations
for all three models are similar, though the prefactors of the temporal growth laws
depend on the details of the dynamical rules. In the small-frequency (large-time)
domain, the prefactors of the intermediate-time subdiffusive and long-time diffusive
growth of the bond current fluctuations can be expressed in terms of the bulk-
diffusion coefficient and the particle mobility. However, the large-frequency behavior
is not universal in the sense that it depends on the local microscopic properties.
More specifically, the differences in the spatial structures of these models manifest
themselves in the small-time growth of the time-integrated bond-current fluctuation
⟨Q2

i (T )⟩ ≃ Γ0T , where Γ0 is proportional to the single-site mass fluctuation ⟨m2
i ⟩,

which is different in these three models.

A few remarks are in order. Characterizing dynamic properties of interacting
particle systems through microscopic calculations is an important, though difficult,
problem in statistical physics. The variants of mass chipping models discussed here
have nontrivial steady states, but they are shown to be still analytically tractable
and exact results concerning dynamic correlations could be obtained. As discussed in
this chapter, depending on their dynamical rules, these models differ from each other
in the details of their spatial structures. Model MCM I possesses nonzero spatial
correlations, whereas MCM II and III have vanishing neighboring correlations in
the thermodynamic limit. However, as mentioned before, all of these models share
one noteworthy aspect in common: The bulk-diffusion coefficient, like in the SEP
[78], is independent of density (this is, however, not the case for the ZRP [32]). In
fact, this is precisely why the hierarchy of current and mass correlations closes, and
thus, the current fluctuations in these models are exactly solvable. Of course, one
may consider numerous additional versions of MCMs, such as those in which mass
is transferred to a given number of neighboring sites, say 2K (rather than the case
with K = 1 considered here). In that situation, the system’s correlation length may
be extended; however, our overall calculation scheme remains suitable due to an
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analogous linearity property as encoded in eq. (2.11). Although the mass chipping
models have a nontrivial steady state (unknown, in most cases), these models, due
to their simple dynamical rules, do not exhibit a phase transition; in other words,
there are no singularities present in the transport coefficients. However, through
simple variations in the dynamical rules, it is possible to have nontrivial (singular)
macroscopic behavior in some of their variants. We must mention here that, though
the large-deviation function for the time-integrated bond current can have singular
behavior in case of dynamical phase transition [88], the variance of the same involves
only small fluctuation and does not have any singularity as such. Indeed, it would
be quite interesting to characterize the dynamic properties of current and mass
through microscopic calculations in higher dimensions, for systems with more than
one conserved quantity [77], for arbitrary initial conditions [89, 90] (for which the
scaling function would presumably be different), and when the transport properties
are anomalous, such as in the case of zero-range processes at criticality [32].
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3
Mass transport processes with

center-of-mass conservation

3.1 Introduction

Recently, there has been a surge of interest in characterizing a remarkable state of
matter that is amorphous or disordered, yet correlated and known as “hyperuniform”
matter [4]. While they lack true long-range order, these many-body systems exhibit
long-wavelength density fluctuations that are anomalously suppressed. First, con-
sider an equilibrium disordered fluid with density ρ in d-dimensional space. In that
case, the variance of particle number, or mass, Ml in a large subsystem of volume
ld is equal to σ2(ρ)la, with a = d following the central limit theorem, where σ2(ρ)
is the scaled variance of subsystem mass and is proportional to the compressibility.
By tuning parameters like temperature and pressure, one can have a state with the
exponent a being larger than the dimension (a > d); an example of this scenario
is an equilibrium critical point (say, that of water and vapor), where fluctuation,
or, equivalently, the compressibility, diverges in the thermodynamic limit. Indeed,
the opposite also can happen where, in the presence of interactions, particles in a
system can dynamically organize themselves in such a fashion that the subsystem-
mass fluctuations are greatly reduced as the subsystem size increases, leading to the
vanishing compressibility; these systems are “hyperuniform” as (d − 1) ≤ a < d
[3]. In fact, a perfectly ordered crystalline state (achieved only at zero temper-
ature) is hyperuniform where a = d − 1; other examples include one-component
Coulomb gas [91, 92] and jammed granular matter [3, 7], which are incompressible
and hyperuniform. Notably, no disordered systems, with short-ranged interactions

This chapter is based on the paper, Hyperuniformity in mass transport processes with
center-of-mass conservation: some exact results, Animesh Hazra, Anirban Mukherjee and
Punyabrata Pradhan, J. Stat. Mech.: Theory Exp. 2025(2), 023201.
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and at finite temperature, are however, known to exhibit hyperuniformity in equi-
librium; rather, for such systems, hyperuniformity has so far been observed only in
nonequilibrium settings [93–101]. As discussed above, spatial correlations within a
system are quantified by space-integrated (extensive) observables such as subsystem
particle number. Similarly, time-integrated observables, such as cumulative parti-
cle flux Q(T ) across a surface in the time interval T , can be used to characterize
dynamic correlations. Typically, in one-dimensional diffusive systems with a single
(say, mass) conservation law, the variance Q2(T ) of time-integrated current in the
thermodynamic limit grows sublinearly with time T , i.e., the temporal growth of
Q2(T ) ∼ T b is subdiffusive with b = 1/2 [42, 68, 102, 103]; near criticality though,
the exponent b can take other values, less [42, 44] or greater (but, still b < 1) [32]
than one-half. Similar anomalous growth of time-integrated fluctuations can also
happen for various other quantities, such as cumulative displacement of a tagged
particle in single-file diffusion where b = 1/2 [104] or cumulative activity (or, the
avalanche size) in one-dimensional sandpiles where, quite interestingly, b = 0 [50];
the latter case (b = 0) in fact provides an example of an extreme form of hyper-
uniformity in time domain, analogous to hyperuniformity exponent a = d − 1 in
space domain. Indeed, the subdiffusive (b < 1) temporal growth of the variance of
a time-integrated quantity is a manifestation of long-ranged temporal correlations
in the system and is called “dynamic hyperuniformity”, the notion recently intro-
duced in the context of threshold-activated systems like sandpiles [42, 50]. Exact
characterization of such correlations in interacting-particle systems is of relevance
also from a general theoretical point of view and has been done in this paper for
current fluctuations in nonequilibrium mass transport processes with center-of-mass
(CoM) conservation.

Two celebrated models for disordered nonequilibrium systems are the conserved
(“fixed-energy”) Manna sandpiles [12, 105] and the biased random organization
(BRO) [93, 106]. Both the models have been studied in a variety of contexts in the
past, including absorbing-phase transition (APT) [36, 105], reversible-irreversible
transition in sheared colloids [96, 107], random close packing (RCP) in disordered
solids and jamming phenomenon [7, 93, 108–112], etc. Although hyperuniform struc-
tures have been envisaged since a long time [3], it was only recently observed that
these two models exhibit hyperuniform fluctuations in their (quasi-)nonequilibrium
steady states [40, 43, 45, 113, 114]. In the BRO model, provided that they overlap,
a pair of particles of, say, unit diameter are given a random kick (displacement) of
identical magnitude, but in the diametrically opposite directions, ensuring that their
center of mass remains the same. Consequently, there are two conserved quantities
in the system: Total mass and center-of-mass (CoM). Moreover, the microscopic
dynamics in the bulk break time-reversal symmetry and the BRO model exhibits
hyperuniformity in the so-called “active” phase, which is analogous to the “irre-
versible” phase of the colloidal system investigated in the experiment [106, 107].
Perhaps not surprisingly, the BRO model is extremely challenging to solve ana-
lytically, even in one dimension, due to the nontrivial overlapping condition, which
allows for particles hopping only when the particles overlap with each other. Indeed,
lately there is a growing interest to develop a rigorous theoretical understanding of
how multiple conservation laws determine large-scale properties, concerning density
relaxation and current and mass fluctuations, of minimal model systems [51, 115].
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In such a scenario, it is highly desirable to examine CoM-conserving models with
simpler dynamical rules, allowing the systems to be rigorously dealt with through a
microscopic approach.

In one dimension, if the overlapping condition is relaxed and the random displace-
ments depending on the inter-particle gaps are chosen appropriately, the modified
model is related to another class of widely studied many-body systems, known as
random average processes (RAPs) [9, 14, 16, 20], which consist of interacting parti-
cles diffusing on a circle (continuum), but now obeying the (additional) CoM con-
servation (CoMC). While the particles remain correlated, resulting in a nontrivial
spatial structure in the systems, these one-dimensional models allow explicit analyt-
ical calculations. For simplicity, in the rest of the paper, we focus on the unbounded
versions of these mass transport processes, known as mass chipping models (MCMs)
[13, 21, 22, 34, 57, 58, 116–118], which are the generalized variants of the Kipnis-
Marchioro-Presutti (KMP) models [15, 19] and, in one dimension, can be obtained
through an exact mapping [17, 20] of a RAP of L particles on a circle to a system on
a ring of L discrete lattice sites having continuous mass. That is, a particle in the
RAP can be thought of as a lattice site, and the inter-particle gap is a (continuous)
non-negative mass variable assigned to the site; also the dynamical mass transfer
rules in the RAP have one-to-one correspondence to the mapped mass transport
process. In a related context, an unbounded version of a RAP with an overlapping
(threshold) condition, which allows movement of two particles on a line only when
the gap between the particles exceed a certain threshold value (the condition differs
slightly from that in the BRO model), has received a lot of attention in the last
decade. The one-dimensional model is a continuous-mass variant of the discrete-
mass Manna sandpile [12, 105], which has been intensively studied to characterize
APT with a conserved (density) field [42, 119]. In the MCMs explored here, we do
not however impose any threshold condition in microscopic dynamics to make the
systems analytically tractable, and consequently the phase transition is lost.

The MCMs break time-reversal symmetry (violating detailed balance) in the
bulk for generic parameter values and, consequently, the steady-state probabilities
of the microscopic configurations in most cases are not described by the equilibrium
Boltzmann-Gibbs distribution and not a-priori known. Throughout the past several
decades, they have been extensively studied in the literature in various contexts,
such as cloud formation [23], force fluctuation in jammed granular media [57], wealth
distribution in a population [21, 116, 120], and traffic flow [27], etc. However, the
issue concerning the precise role of an additional conserved quantity, such as CoM, on
the relaxation and (static and dynamic) fluctuation properties of these systems has
yet to be explored. Indeed, the problem is of general relevance, as there has recently
been a surge of interest in characterizing the large-scale properties of systems with
multiple conservation laws [115, 121–125], notably in the context of quantum many-
body systems like fractonic fluids [126–128].

In this paper, using a microscopic approach, we analytically calculate various
static and dynamic correlation functions in a broad class of MCMs having both
mass and CoM conservation in d = 1 and 2 dimensions (the results can be suitably
generalized to arbitrary dimensions). We find that the density relaxation, despite
the dynamics being strongly constrained due to the CoM conservation (CoMC), is in
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fact diffusive. To substantiate this assertion, we consider, for simplicity, an infinite
domain and consider density relaxation by taking a step-like initial density profile
ρ(X, t = 0) = ρin(X) = ρ0 + ρ1 for x < 0 and ρ0 otherwise. We show the time-
dependent relative density profile ρ(X, t)− ρ0 = R(X/

√
t) obeys a diffusive scaling,

where R(z) is a scaling function, with the scaled argument z = X/
√
t, and is deter-

mined exactly. However, fluctuation properties are strikingly different from that in
diffusive systems with a single (mass) conservation law. In the thermodynamic limit,
the steady-state second cumulant, or the variance, ⟨Q2(T )⟩c = ⟨Q2(T )⟩ − ⟨Q(T )⟩2
of the time-integrated bond current Q(T ) across a bond in the time interval T has
the following long-time behavior: ⟨Q2(T )⟩c = ⟨Q2(T )⟩ ≃ A1T +A2+A3T

−d/2 (note
that ⟨Q2(T )⟩c = ⟨Q2(T )⟩ as the average bond current ⟨Q(T )⟩ = 0 is zero in steady
state). The exponents governing the small-frequency behavior of the power spectra
SJ(f) ≃ A1 + Const.fψJ for bond current are exactly determined as ψJ = 3/2 and
2 in d = 1 and 2 dimensions, respectively; in d dimensions, we have ψJ = (1+ d/2).
Remarkably, depending on dimensions and microscopic details, the coefficient A1 can
vanish (e.g., for d = 1). That is, the variance of time-integrated bond current in the
time interval T eventually saturates as a function of time T to a density-dependent
coefficient A2(ρ), implying a “dynamic hyperuniformity”; in that case, we have
⟨Q2(T )⟩c ∼ T b with b = 0, which signifies an extreme form of hyperuniformity in
temporal domain observed previously for avalanche time-series in a one-dimensional
sandpile [50]. Furthermore, the long-time (or, equivalently, small-frequency) asymp-
totics for dynamic (two-point and unequal-time) “cross”-correlation functions for the
bond currents in orthogonal directions (e.g., correlations between currents along x
and y directions) decay as a power law, where the exponents of the power laws are
exactly determined. We also calculate static structure factor S(q), which varies as
the square of wave number q in the small-q limit, i.e., S(q) ∼ q2 as q → 0. This is a
direct consequence of the fact that, in the thermodynamic limit, the spatial integral
of the two-point density correlation function for mass is zero in these systems.

We organize the paper as follows. In Sec. 3.2, we introduce a CoM-conserving
mass chipping model (MCM), called MCM-CoMC, in one dimension and demon-
strate its equivalence to a CoM-conserving random average process (RAP). In Sec.
3.2.1, we derive hydrodynamics of the one-dimensional MCM-CoMC with nearest-
neighbor mass transfer; in Sec. 3.2.2, we explore dynamic correlations for the model.
In Sec. 3.3, we explore a one-dimensional variant of the MCM-CoMC, which now
have microscopic dynamics with finite-range mass transfer. In Secs. 3.4 and 3.5, we
introduce a couple of two-dimensional versions of the MCM-CoMCs. We study the
asymptotic behavior of the MCM-CoMCs in higher dimensions in Sec. 3.7. Finally,
in Sec. 3.8, we summarize the paper with some concluding remarks.

In this section, we explore a broad class of conserved-mass transport processes,
called mass chipping models (MCMs) [13, 21, 58, 103, 129], where masses fragment,
diffuse, and coalesce with the neighboring masses at a constant rate. Because of their
analytical tractability, these processes, which are generalized variants of the well-
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Nearest-neighbor mass transfer
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Figure 3.1: Equivalance between random average process (RAP) and mass chip-
ping model (MCM) with CoM conservation (CoMC) in one dimension through a
schematic diagram. Top panel – RAP with CoMC : Two particles (black circles)
located at Xi and Xi+1 are displaced in the opposite directions (inward) by an equal
amount, i.e., miξ̃i/2, where mi ≡ Xi+1 − Xi is the inter-particle distance, or gap,
between ith and (i + 1)th particles. Here ξ̃i = (1 − ξi) and ξi is a random fraction
uniformly distributed in [0, 1]. Bottom panel – MCM with CoMC : A site (repre-
sented by a black circle) contains a certain amount of (continuous) mass (dark-violet
rectangular bars). During a mass transfer process, a site retains a random fraction
ξi of its mass mi, and the remaining fraction of mass, (1− ξi)mi, is equally divided
into two parts, with one being transferred to its left neighbor (green rectangle) and
the other to its right neighbor (blue rectangle). In that case, cumulative (time-
integrated) current increases by miξ̃i/2 across bond (i, i + 1) and decreases by the
same amount across the other bond (i− 1, i).
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known random average processes (RAPs) [9, 14, 16, 20] or the Kipnis-Marchioro-
Presutti (KMP) models [15, 19], have been studied mainly in one dimension in the
past. Notably, on a periodic domain, unlike other lattice gases, such as symmetric
simple exclusion processes (SSEP) [68, 71] and zero-range processes (ZRPs) [10, 17],
MCMs generally violate detailed balance in the bulk due to the broken time-reversal
symmetry; consequently, their steady-state measures are in most cases not described
by the equilibrium Boltzmann-Gibbs distribution. The detailed definition of a broad
class of MCMs, and their connection to other models such as RAPs, can be found in
Ref. [103], where relaxation and fluctuation properties have been studied. However,
in this work, we impose an additional conservation law on the microscopic dynamics,
where both mass and center-of-mass (CoM) now remain conserved.

We introduce a model of MCM with CoM conservation (MCM-CoMC) and study
the role of CoM conservation on the time-dependent (density relaxation and dynamic
fluctuation) properties of the system. Let us begin by considering a system on a
one-dimensional periodic lattice of size L, where lattice sites are labeled as i =
0, 1, . . . , L− 1. A site i is associated with a continuous mass variable mi ≥ 0, with
the total mass M =

∑L−1
i=0 mi = ρL fixed and ρ being the global density; defining

similar CoM-conserving models in higher dimensions d is straightforward and the
MCM-CoMCs in d = 2 are studied later. We consider a continuous-time process,
where mass mi at site i gets chipped off with unit rate. A random fraction ξi of mass
mi is retained and the remaining fraction, (1 − ξi), of mass, then gets fragmented
in two equal halves; one half (1 − ξi)mi/2 coalesce with the right-neighbor (i + 1)
mass and the other half coalesce with the left-neighbor (i − 1) mass. Evidently,
the mass transfer rule locally conserves mass as well as center of mass (CoM). In
Fig. 3.1, we demonstrate the equivalence between two models: the random average
process (RAP) with CoM conservation and the mass chipping model (MCM) with
CoM conservation. In top panel, we describe a RAP with CoMC. In this case,
two particles (black circles) located at Xi and Xi+1 are displaced in the opposite
directions (inward) by an equal amount, i.e., miξ̃i/2, where mi ≡ Xi+1 − Xi is
the inter-particle distance, or gap, between ith and (i + 1)th particles. In bottom
panel, we describe a MCM with CoMC. In this case, a site (represented by a black
circle) contains a certain amount of (continuous) mass (dark-violet rectangular bars).
During a mass transfer process, a site retains a random fraction ξi of its mass mi,
and the remaining fraction of mass, (1 − ξi)mi, is equally divided into two parts,
with one being transferred to its left neighbor (green rectangle) and the other to its
right neighbor (blue rectangle).

For the MCM-CoMC in one dimension, the time evolution of mass at a site i can
be expressed in terms of the following infinitesimal-time update rules:

mi(t+ dt) =



event prob.

mi(t)− ξ̃imi(t) dt

mi(t) +
ξ̃i+1

2
mi+1(t) dt

mi(t) +
ξ̃i−1

2
mi−1(t) dt

mi(t) (1− 3dt),

(3.1)

where ξ̃i = 1 − ξi ∈ (0, 1) is a random variable, drawn from a distribution ϕ(ξi),
with the first and the second moments being denoted as ⟨ξi⟩ = µ1 and ⟨ξ2i ⟩ = µ2,
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respectively. In this paper, we consider, for simplicity, a uniform distribution ϕ(ξi) =
1, with µ1 = 1/2 and µ2 = 1/3.

3.2.1 Hydrodynamics

In this section, we investigate the temporal evolution of a density perturbation and
its relaxation dynamics. According to the update rule Eq. (3.1), the time evolution
of local mass at site X can be written as

d⟨mX(t)⟩
dt

= D (⟨mX+1(t)− 2mX(t) +mX−1(t)⟩) . (3.2)

Here, D = µ1/2 is the bulk-diffusion coefficient, which is independent of density.
Provided we consider density relaxation on a ring of L sites, we can scale position
X and time t as x = X/L and τ = t/L2, and we obtain, from Eq. (3.2),

∂h(x, τ)

∂τ
= D

∂2h(x, τ)

∂x2
, (3.3)

which governs the time-evolution equation for scaled density field h(x = X/L, τ =
t/L2) = ⟨mX(t)⟩ ≡ ρX(t). The aforementioned equation is a linear partial differ-
ential equation, which can be solved for a given initial condition. For simplicity,
to show the diffusive scaling property of a time-dependent density profile, we take
an initial density profile being a step-like profile ρX(t = 0) = ρin(X) on an infinite
domain as follows:

ρin(X) =

{
ρ0 + ρ1 for x < 0

ρ0 for x ≥ 0,
(3.4)

where ρ0 = 1 and ρ1 = 3. We can then directly solve Eq. (3.2) and get the solution
of excess density profile ρX(t)− ρ0 = R(X/

√
t) in terms of a scaling function, R(z),

where the position is scaled by z = X/
√
t. Moreover, by solving the resultant

equation

−zdR
dz

= D
d2R
dz2

(3.5)

for R(z) with boundary condition R(z → ∞) = 0 and R(z → −∞) = ρ1, we
immediately obtain the exact scaling solution,

R(z) = ρ1
2

[
1− erf

(
z√
4D

)]
≡ ρ1

2
erfc

(
z√
4D

)
, (3.6)

where the scaling variable is defined as z = x/
√
t, and the complementary error

function is given by erfc(z) = (2/
√
π)
∫∞
z
e−t

2
dt.

In Fig. 3.2, the excess density (ρX(t) − ρ0) of a step initial profile is plotted
against position x in Panel (a) at various times: t = 2000 (orange square), 5000
(green asterisks), 10000(red square), and 20000 (violet triangle). The background
density ρ0 = 1, and the initial density profile height ρ1 = 3. In Panel (b), the scaled
shifted density profile R(z) is plotted as a function of the scaling variable z = x/

√
t,

with simulation data points matching closely with the analytic solution (purple
dashed line), mentioned in Eq. (3.6). One can see that, despite the constrained
dynamics due to the additional (CoM) conservation law, the density relaxation in
the MCM remains indeed diffusive.
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Figure 3.2: MCM-CoMC I in one dimension. Panel (a) shows the excess density
(ρX(t)−ρ0) of a step initial profile density, plotted against position X at four times:
t = 2000 (orange square), 5000 (green asterisks), 10000(red square), and 20000
(violet triangle). The background density is ρ0 = 1, and the initial density profile
height is ρ1 = 3. Panel (b): The scaled shifted density profile R(z) is plotted as a
function of the scaling variable z = x/

√
t. Points represent simulation data, while

the purple dashed line is the analytic solution [see Eq. (3.6)].

3.2.2 Dynamic correlations: One dimension

In this section, we calculate various time-dependent quantities in the steady state,
including the variance of time-integrated bond current in a finite time interval and
dynamic correlations for instantaneous current in one-dimensional MCM-CoMC I.
Notably, the global density ρ and the center of mass are conserved in this model,
making it particularly interesting to compute these time-dependent quantities ex-
actly. We denote the dynamical correlation function for two observables A and B
as CAB

r (t, t′) = ⟨Ai(t)Bi+r(t′)⟩c. The Fourier transform of dynamical correlation
function is written as

C̃AB
q =

∑
r

CAB
r eiqr, (3.7)

and then the inverse Fourier transform is given by

CAB
r =

1

L

∑
q

C̃AB
q e−iqr. (3.8)

More specifically, we are interested in characterizing time-integrated bond cur-
rent, Qi(T ), which is defined as the net amount of mass that flows through a bond
(i, i+ 1) in a time interval T in the steady state. That is, if mass δm is transferred
from site i (or, i+1) to site i+1 (i) during an infinitesimal time interval (t, t+ δt),
we measure a positive (negative) instantaneous current +δm/δt (−δm/δt) flown
through the bond; in other words, the cumulative current increases (decreases) by
+δm (−δm) in that time interval δt. The time-evolution equation for the first mo-
ment of the cumulative bond current from the following infinitesimal-time update
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rules,

Qi(t+ dt) =


event prob.

Qi(t) + ξ̃imi(t)
2

dt

Qi(t)− ξ̃i+1mi+1(t)
2

dt

Qi(t) (1− 2dt),

(3.9)

from which we obtain the following equation,

d⟨Qi(t)⟩
dt

≡ ⟨Ji(t)⟩ =
µ1

2
⟨mi(t)−mi+1(t)⟩ , (3.10)

where we define instantaneous bond current as Ji(t) ≡ dQi/dt. that is, the cu-
mulative (time-integrated) bond current in an infinitesimal time interval δt is given

by Qi(δt) = limδt→0

∫ t+δt
t
Ji(t)dt. The instantaneous bond current Ji(t) = JD(t) +

J fl(t) can be decomposed into two parts: The diffusive current

JD(t) ≡ µ1

2
[mi(t)−mi+1(t)] (3.11)

and fluctuating (or, “noise”) current J fl(t); it is evident that ⟨J fl⟩ = 0. Note that
Eq. (3.10) is linear in local masses; this particular linearity property [103] is actually
required for obtaining an exact solution to the current statistic in the class of mass
transport processes considered in this paper. We can now write the time-evolution
equation for the unequal-time (t > t′) current correlation function as

d

dt
CQQ
r (t, t′) =

µ1

2

[
CmQ
r (t, t′)− CmQ

r−1(t, t
′)
]
. (3.12)

The above equation has a quite similar structure as derived in Ref. [103] for MCMs
without CoM conservation. However, as discussed in the rest of the paper, the
explicit solutions to the above equation for MCMs with CoM conservation is quali-
tatively different from those without the CoM conservation. Now proceeding along
the lines of Ref. [103], we take Fourier transform of both sides of the above equation
and obtain

d

dt
C̃QQ
q (t, t′) = µ1(1− eiq)

C̃mQ
q (t, t′)

2
. (3.13)

To solve Eq. (3.12), we first need to calculate the unequal-time mass-current corre-
lation function CmQ

r (t, t′), which, in Fourier space, satisfies the following equation,

d

dt
C̃mQ
q (t, t′) = −µ1

2
λqC̃

mQ
q (t, t′), (3.14)

where

λq = 2(1− cos q), (3.15)

with the wave number q = 2πn/L and n = 1, 2, · · · , L − 1. We also required
to calculate the equal-time current-current spatial correlation function, which in
Fourier space can be written as

d

dt
C̃QQ
q (t, t) = µ1(1− eiq)C̃mQ

q (t, t) + Γ̃q, (3.16)

69



where Γ̃q = µ2⟨m2⟩λq/4 is related to the strength of fluctuating current as given
below:

⟨J̃ (fl)
q (t)J̃ (fl)

q′ (t′)⟩ = LΓ̃qδq,−q′δ(t− t′). (3.17)

The right-hand side of the above equation indicates that the strength of the fluctu-
ating current is short-ranged (delta correlated) in both spatial and temporal scales
[103]. Note that solving Eq. (3.14) requires calculation of equal-time mass-current
spatial correlation, which, in the Fourier space, can be written as

d

dt
C̃mQ
q (t, t) = −µ1

2
λqC̃

mQ
q (t, t) + f̃q. (3.18)

Here the source term f̃q can be written in terms of the steady-state density correla-
tion C̃mm

q as

f̃q = (1− e−iq)
[
DC̃mm

q − µ2⟨m2⟩
4

λq

]
. (3.19)

Density correlation and structure factor.

It is quite convenient, and instructive, to express the steady-state density correlation
function in Fourier mode C̃mm

q . To this end, we write the time evolution of the
Fourier mode for equal-time mass-mass correlation function as

d

dt
C̃mm
q (t, t) = −2DλqC̃mm

q (t, t) +B(q), (3.20)

where the quantity B(q) = µ2⟨m2⟩λ2q/4 depends on the second moment of onsite
mass. We readily obtain the solution to the above equation, which is given by

C̃mm
q (t, t) =

(
1− e−2Dλqt

) ⟨m2⟩µ2

8D
λq, (3.21)

which, in the steady state (in the limit t→∞), leads to the static density correlation
function in the Fourier space,

C̃mm
q =

µ2ρ
2

2(2µ1 − µ2)
λq. (3.22)

Now onward, we follow the convention that, if the time argument in the correlation
function is not explicitly mentioned, e.g., C̃mm

q - a function of density and other
parameters, it would simply imply that the correlation function is calculated in the
steady state and thus does not depend on time. Note that, in this case, the above-
mentioned steady-state density-correlation function C̃mm

q is related to the strength
of fluctuating current as

Γ̃q = 2DC̃mm
q . (3.23)

Now by taking inverse Fourier transform, Eq. (3.22) leads to the correlation function
in real space as given below:

Cmm
r (ρ) =

µ2ρ
2

2(2µ1 − µ2)
[2δr,0 − (δr,1 + δr,−1)] , (3.24)
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which is strictly finite-ranged and valid for any finite L. Moreover, Eq. (3.23) leads
to a fluctuation relation between the two-point spatial correlation function for mass
and the intensity of fluctuating current,

Cmm
r (ρ) =

Γr(ρ)

2D
. (3.25)

Now, to calculate the dynamic structure factor, we define Fourier transform δm̃q(t)
of excess mass δmi(t) = (mi(t) − ρ) at site i, which satisfies the following time-
evolution equation for the Fourier modes δm̃q(t),

∂

∂t
δm̃q(t) = −Dλq ˜δmq(t) + (eiq − 1)J̃ (fl)

q (t). (3.26)

In the above equation, the first term on the right-hand side arises from diffusion,
and the second term is due to the fluctuating (or the “noise”) current. By using
Eqs. (3.26) and (3.17) and performing some algebraic manipulations, we obtain the
dynamic structure factor,

S(q, t) =
⟨|δm̃q(t)|2⟩

L
= C̃mm

q (t, t) =
(
1− e−2Dλqt

)
C̃mm
q , (3.27)

where C̃mm
q (t, t) and C̃mm

q ≡ limt→∞ C̃mm
q (t, t) are the steady-state dynamic and

static density-correlation functions, respectively. Exact calculation of dynamic struc-
ture factor in a driven many-body system is quite challenging in general and has
been done before only in a few cases in the past, e.g., in Refs. [130, 131]. The
steady-state static structure factor S(q) = limt→∞ S(q, t) is then given by

S(q) = C̃mm
q =

µ2ρ
2

2(2µ1 − µ2)
λq ≃

µ2ρ
2

2(2µ1 − µ2)
q2, (3.28)

which vanishes as q → 0; here, in the last step of the above expression, we have
used a small-q approximation of λq ≈ q2. Indeed, this particular q-dependence of
the structure factor, i.e., S(q) ∼ q2 in the limit of small q, implies a “Class-I”
hyperuniformity, implying an extreme suppression of density fluctuations in spatial
domain, as categorized in Ref. [4].

In panel (a) of Fig. 3.3, we have plotted the steady-state density correlation
function Cmm

r as a function of spatial distance r. In panel (b) of the same figure, we
have plotted the static structure factor S(q) as a function of wave number q. In both
panels (a) and (b), the orange dashed lines represent theoretical predictions, which
are obtained from Eqs. (3.24) and (3.28), respectively. Simulations are performed
for global density ρ = 1.0 and system size L = 1000, and match quite well with
theory.

Calculation of current correlation functions.

To obtain unequal-time current-current correlation function, we first evaluate equal-
time current-current and mass-current correlation functions from Eqs. (3.16) and
(3.18), respectively. Next, we calculate the unequal time mass-current correlation
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Figure 3.3: MCM-CoMC I in one dimension. Panel (a): We plot steady-state
density correlation function, Cmm

r , as a function of spatial distance r. Panel (b):
Steady-state structure factor S(q) is plotted as a function of wave number q. The
purple dashed-dotted line represent the asymptotic behavior, which scales as q2 for
small q. In both the panels (a) and (b), the orange dashed lines represent theoretical
predictions obtained from Eqs. (3.24) and (3.28), respectively. Simulations are
performed for global density ρ = 1.0 and system size L = 1000.

using Eq. (3.14). Finally, we derive the full solution for the unequal time current-
current correlation from Eq. (3.12) in the Fourier representation,

C̃QQ
q (t, t′) = Γ̃qt

′ − µ2(Dλqρ)
2

(2µ1 − µ2)

[ t′∫
0

dt′′
t′′∫
0

dt′′′e−Dλq(t
′′−t′′′) +

1

2

t∫
t′

dt′′
t′′∫
0

dt′′′e−Dλq(t
′′−t′′′)

]
.

(3.29)

The equal-time bond-current correlation CQQ
0 (T, T ) ≡ ⟨Q2

i (T )⟩c, or the variance (the
second cumulant), can now be obtained by first taking the inverse Fourier transform
in Eq.(3.29) and then setting t = t′ = T and r = 0, as follows:

⟨Q2
i (T )⟩c = ⟨Q2

i (T )⟩ = T

[
Γ0 −DCmm

0

1

L

∑
q ̸=0

λq

]
+

µ2ρ
2

(2µ1 − µ2)

1

L

∑
q ̸=0

(
1− e−

µ1
2
λqT
)
.

(3.30)

In the long-time regime, by collecting leading-order terms, Eq. (3.30) can be written
in the following asymptotic form,

⟨Q2
i (T )⟩ ≃ A1T + A2 + A3T

−1/2, (3.31)

where A1, A2 and A3 are constant (time-independent) coefficients, which in general
depend on density and other model parameters. Quite remarkably, in this case
(presumably, generically in one-dimensional models as discussed in the next section),
we find that the coefficient corresponding to the first (linear-time-growth) term in
the above equation vanishes, i.e.,

A1 =

[
Γ0 −DCmm

0

1

L

∑
q

λq

]
= 0, (3.32)
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obtained by using the identity
∑

q λq = 2L (note that λ0 = 0) and the fluctuation
relation Γ0 = 2DCmm

0 from Eq. (3.25). Now, in the thermodynamic limit, with
L → ∞ and density being fixed, Eq. (3.30) can be written in an integral form as
given below:

CQQ
0 (T, T ) ≃ µ2ρ

2

(2µ1 − µ2)

1

π

π∫
0

dq
(
1− e−

µ1
2
λ(q)T

)
(3.33)

=
µ2ρ

2

(2µ1 − µ2)

[
1− e−µ1T I0(µ1T )

]
,

where I0(x) = (1/π)
∫ π
0
ex cos qdq is the modified Bessel function of the first kind and

we denote λ(q) = 2(1 − cos q). By performing an asymptotic analysis, Eq. (3.33)
can be written for large time T as follows:

⟨Q2
i (T )⟩ ≃

µ2ρ
2

(2µ1 − µ2)
− µ2ρ

2

(2µ1 − µ2)
√
2πµ1

T−1/2, (3.34)

where we have used the approximation λ(q) ≈ q2. That is, in the thermodynamic
limit, the variance of time-integrated bond current in a long time interval T → ∞
saturates to a finite value,

A2(ρ) =
µ2ρ

2

(2µ1 − µ2)
, (3.35)

through a power-law decay T−1/2. The third coefficient A3 can also be identified
from Eq. (3.34) as

A3(ρ) = −
µ2ρ

2

(2µ1 − µ2)
√
2πµ1

. (3.36)

The fact that the coefficient A1 vanishes here implies that, in the long-time limit,
the variance Q2

i (T ) of time-integrated bond current in one-dimensional MCM with
CoM conservation saturates as a function of time T as opposed to growing as T 1/2

in one-dimensional MCMs without CoM conservation [103]. Physically, in the for-
mer case, it implies a stronger anti-correlations between currents developing at two
different times; it could be understood on the physical ground that, whenever there
is a current generated at some point, there is also a reverse current of the same mag-
nitude generated in the opposite direction. This extreme suppression of dynamic
current fluctuation is somewhat analogous to extreme suppression of dynamic activ-
ity fluctuations previously observed in a model of sandpiles, called the Oslo model,
in Ref. [50] (the hyperuniformity exponent b = 0 in both cases). Furthermore, the
expression in Eq. (3.34) has a quite similar structure to that obtained previously,
albeit through an approximate closure scheme, for the one dimensional Oslo model
in the far-from-critical regime [44]. However, unlike in the Oslo model, the calcula-
tion scheme for MCMs in this paper is exact and the corresponding coefficients A1,
A2 and A3 are obtained explicitly as a function of density and the other parameters.
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Instantaneous bond-current correlation functions.

We now calculate the temporal correlation of instantaneous current correlations,
CJJ
r (t, 0) for t ≥ 0, which can be expressed as:

CJJ
r (t, 0) =

[
d

dt

d

dt′
CQQ
r (t, t′)

]
t′=0,t≥0

= Γrδ(t)−
µ2
1µ2ρ

2

8(2µ1 − µ2)

1

L

∑
q

e−
µ1
2
λqtλ2qe

−iqr.

(3.37)

In the large system size limit, the above equation with r = 0 can be written in the
following form:

CJJ
0 (t, 0) ≃ − µ2

1µ2ρ
2

8(2µ1 − µ2)
e−µ1t

[
2I0(µ1t)−

I1(µ1t)

µt

]
, (3.38)

where we have taken t > 0 and Iν(z) denotes the modified Bessel function of the
first kind of order ν. Also, in the long-time limit and for large-system-size limit, the
Eq. (3.37) with r = 0 has the following asymptotic form,

CJJ
0 (t, 0) ≃ − 3µ2ρ

2

16
√
2πµ1(2µ1 − µ2)

t−5/2. (3.39)

In Fig. 3.4, panel (a), the variance CQQ
0 (T, T ) = ⟨Q2

i (T )⟩ of time-integrated current
in a time interval T is plotted as a function of T . The theory line (orange dashed),
obtained from Eq. (3.33), matches with the simulation perfectly. The guiding line
(purple dash-dot) indicates the saturation value obtained from Eq.(3.35). Panel (b):
The relative time-integrated bond-current fluctuation, A2(ρ)−CQQ

0 (T, T ), is plotted
as a function of time T for both simulation (solid blue line) and theory (orange
dashed). The purple dashed-dotted line represents T−1/2, as described in Eq.(3.34).
Panel (c): Negative of instantaneous bond-current correlation −CJJ

0 (t, 0) is plotted
as a function of t. The theory line (orange dashed), mentioned in Eq. (3.38), matches
the simulation quite well. The asymptotic decay as t−5/2 (purple dashed-dotted) is
consistent with Eq. (3.39). In all the panels simulation data (blue line) is for system
size of L = 1000 and a global density ρ = 1.

3.3 One-dimensional MCM-CoMC II: Finite-range

mass transfer

In this section, we consider a variant of the CoM-conserving mass chipping model on
a one-dimensional periodic ring, now with finite-range mass-transfer rule, where the
chipped-off mass can coalesce with not only the nearest-neighbor masses, but also
the next-nearest-neighbor masses. More specifically, mass mi at site i is chipped
off with unit rate and a random fraction ξi of mass mi, i.e., ξimi is retained, while
the remaining fraction of mass (1− ξi)mi is fragmented into two equal halves, each
having mass (1 − ξi)mi/2. These two chunks of fragmented masses then coalesce,
with equal probability, either with the two nearest-neighbor masses at i + 1 and
i − 1 or with the next-nearest-neighbor masses at i + 2 and i − 2. It is worth
noting that, in a finite-range (say, of range k) mass transfer process, when a random
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Figure 3.4: MCM-COM-I in one dimension. Panel (a): Time-integrated bond-
current fluctuation or variance ⟨Q2

i (T )⟩ = CQQ
0 (T, T ) is plotted as a function of

time T . Theory line (orange dashed), obtained from Eq. (3.33), agrees quite well
with simulation perfectly. The guiding line (purple dashed) indicates the saturation
value obtained from Eq.(3.35). Panel (b): The relative time-integrated bond-current
fluctuation, A2(ρ)− CQQ

0 (T, T ), is plotted as a function of time T for both simula-
tion (blue) and theory (orange). The asymptotic T−1/2 (purple) is obtained from
Eq.(3.34). Panel (c), negative of instantaneous bond-current correlation −CJJ

0 (t, 0)
is plotted as a function of t. The orange dashed line represents theory as in Eq.
(3.38). The purple dashed-dotted line represents the asymptotic power-law decay
t−5/2, obtained from theory Eq. (3.39). In all panels, simulation data (blue line) is
for system size L = 1000 and global density ρ = 1.

fraction of the chipped-off mass, δm, is transferred from the ith site to (i + k)th
site (where k = 2 in the model considered in this section) during the time interval
(t, t+ δt), the cumulative currents increase by δm across all bonds from (i, i+ 1) to
(i+ k − 1, i+ k). Similarly, if the chipped-off mass, δm, is transferred from the ith
site to (i− k)th site, the cumulative currents decrease by δm across all bonds from
(i− 1, i) to (i− k, i− k + 1).

We now present simulation results to demonstrate that the qualitative results
derived in the previous section are indeed quite robust for one dimensional systems.
In Fig. 3.5, panel (a), the excess density profile (ρX(t) − ρ) of an initially stepped
density profile [see Eq. (3.4)] is plotted against positionX at four different times: t =
2000 (orange squares), 5000 (green asterisks), 10000 (red squares), and 20000 (violet
triangles). Panel (b) depicts the scaled density profile R(X/t1/2) as a function of
the scaled position X/t1/2. The solution (black dashed line) obtained from Eq. (3.6)
with the theoretically obtained bulk-diffusion coefficient D = 5µ1/4 (different from
the model described in the previous section) agrees quite well with the simulation
data. In panel (a) of Fig. 3.6, the variance CQQ

0 (T, T ) of time-integrated bond
current is plotted as a function of time T . In panel (b) of the same figure, the
relative bond-current fluctuation, A2(ρ) − CQQ

0 (T, T ), is plotted as a function of
time T . Purple dashed-dotted line is the asymptotic power-law T−1/2 as derived
in Eq. (3.34). In panel (c), negative of instantaneous bond current correlation,
−CJJ

0 (t, 0), is plotted as a function of time t. In the all panels, we have taken
system size L = 1000 and global density ρ = 1.0.
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Figure 3.5: MCM-CoMC II in one dimension. Panel (a): The excess density
(ρX(t) − ρ0) of an initially stepped density profile is plotted against position X at
four different times: t = 2000 (orange squares), 5000 (green asterisks), 10000 (red
squares), and 20000 (violet triangles). The background density is ρ0 = 1, with
an initial profile height of ρ1 = 3. Panel (b): The scaled shifted density profile
R(z) is plotted against the scaling variable z = X/t1/2. Points represent simulation
data, while the black dashed line [Eq. (3.6)] indicates the analytic solution with
D = 5µ1/4.
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Figure 3.6: MCM-CoMC II in one dimension. Panel (a): the time integrated bond-
current fluctuation is plotted as a function of time T . The purple dashed-dotted line
represent the saturation value A2(ρ) = 1.075(fitted). Panel (b): The relative bond-
current fluctuation, A2(ρ) − CQQ

0 (T, T ), is plotted as a function of time T . Purple
dashed-dotted line is the asymptotic power law decay T−1/2, obtained from Eq.
(3.34). Panel (c): Negative of instantaneous bond-current correlation −CJJ

0 (t, 0)
is plotted as a function of time t. The asymptotic line (purple dashed-dotted) is
the theoretical estimation obtained from Eq. (3.39). In the all the panels, we have
taken system size L = 1000 and global density ρ = 1.0.
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3.4 Two-dimensional MCM-CoMC I

3.4.1 Model and definition of current

In this section, we introduce a model defined on a two-dimensional periodic square
lattice with the following dynamical rules; for simplicity, we consider only nearest-
neighbor mass transfer. Here, a site (i, j) retains a random fraction of its mass
ξmi,j, and the remaining fraction of mass, (1 − ξ)mi,j, is divided equally into four
parts, each having (1−ξ)mi,j/4, which is then transferred to each of the four nearest
neighbors (i+ 1, j), (i− 1, j), (i, j + 1), and (i, j − 1).

In a two-dimensional square lattice, the bond current is defined similar to that in
the one-dimensional case. The time-integrated bond current along the x direction,
denoted asQi,jx (T ), represents the net flux of mass between site (i, j) and site (i+1, j)
in the time interval T : If an amount of mass δm is transferred from site i to i + 1
(or, i + 1 to i) during an time interval, say δt, Qi,jx increases (or, decreases) by
δm, i.e., Qi,jx → Qi,jx + δm (or, Qi,jx → Qi,jx − δm). Similarly, the time-integrated
bond current along the y direction, denoted as Qi,jy (T ), represents the net flux of
mass through the bond between sites (i, j) and (i, j + 1) during the same interval
T . The time-integrated bond current Qi,jα (T ), with α ∈ x, y, can be expressed in

terms of the instantaneous bond current J i,j
α (t) as Qi,jα (T ) =

∫ t+T
t
J i,j
α (t′)dt′, with

α ∈ x, y. In the schematic diagram Fig. 3.7, a mass of amount 4δm is chipped off
from site (i, j) and fragmented into 4 equal parts with each of the part δm being
transferred to each of its four neighboring sites during the time interval (t, t + δt).
As a result, along the x axis, a mass δm is transferred from site (i, j) to site (i +
1, j), and from site (i, j) to site (i − 1, j), thus generating a positive instantaneous
current J i,j

x = +δm/δt through the bond between sites (i, j) and (i + 1, j) and a
negative instantaneous current J i−1,j

x = −δm/δt through the bond between sites
(i − 1, j) and (i, j). Similarly, along the y axis, a mass δm is transferred from site
(i, j) to site (i, j + 1) and from site (i, j) to site (i, j − 1)), generating a positive
instantaneous current J i,j

y = +δm/δt through the bond (i, j) and (i, j + 1) and a
negative instantaneous current J i,j−1

y = −δm/δt through the bond (i, j − 1) and
(i, j).

In two dimensions, the current can flow along x or y axis (or, along both the
axes during an infinitesimal time interval as in this particular case MCM-CoMC
I considered in this section). Consequently, the current correlations have two dis-
tinct components: the correlation function for currents along the same direction,
CQxQx
r,s (t, t′) [or, C

QyQy
r,s (t, t′)] and the “cross”-correlation function, C

QxQy
r,s (t, t′) or

C
QyQx
r,s (t, t′). For convenience, we use the dynamical correlation for two observables

Ax and By as C
AxBy
r,s (t, t′) = ⟨Ai,jx (t)Bi+r,j+s

y (t′)⟩c in the rest of the paper.

3.4.2 Calculation of current correlation functions

The unequal-time (t > t′) correlation function for bond currents in the same direc-
tion (i.e., the correlation between the current in the x direction at initial time with
that at later time), CQxQx

r,s (t, t′), which in the Fourier domain q ≡ (qx, qy) satisfies
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Figure 3.7: The schematic diagram illustrates a mass-update process and the as-
sociated instantaneous bond currents across 4 different bonds, resulting from the
loss of mass mi,j − 4δm at site (i, j) and the gain of mass δm at each of the
four neighboring sites in the time interval (t, t + δt). During the mass-transfer
event, the corresponding instantaneous bond currents are updated as following:
J i,j
x → J i,j

x +δm/δt (rightward, red arrow), J i−1,j
x → J i−1,j

x −δm/δt (leftward, blue
arrow), J i,j

y → J i,j
y + δm/δt (upward, green arrow), and J i,j−1

y → J i,j−1
y − δm/δt

(downward, magenta arrow).

the following time-evolution equation

d

dt
C̃QxQx
qx,qy (t, t′) = D(1− eiqx)C̃mQx

qx,qy (t, t
′), (3.40)

where D = µ1/4 is the bulk-diffusion coefficient. Here, we denote the Fourier trans-
form of the two dynamical observables A and B, in two dimensions, as

C̃AB
qx,qy =

∑
r,s

CAB
r,s e

iqxreiqys,

and accordingly the inverse Fourier transform is given by

CAB
r,s =

1

L2

∑
qx,qy

C̃AB
qx,qye

−iqxre−iqys.

Now, to solve Eq. (3.40), we need to calculate the unequal-time mass-current cor-
relation function in the Fourier domain, C̃mQx

qx,qy (t, t
′), which satisfies the following

equation,

d

dt
C̃mQx
qx,qy (t, t

′) = −Dω(qx, qy)C̃mQx
qx,qy (t, t

′), (3.41)

with

ω(qx, qy) = λ(qx) + λ(qy) (3.42)
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and λ(qα) = 2[1 − cos(qα)] with α ∈ [x, y] . The above-mentioned Eqs. (3.40)
and (3.41) are two first-order ordinary differential equations, which can be solved
exactly by knowing the following equal-time correlations: C̃QxQx

qx,qy (t, t) and C̃mQx
qx,qy (t, t)

as initial conditions. Further, from the microscopic update rules, we calculate the
equal-time current-current correlation in Fourier space-domain, C̃QxQx

qx,qy (t, t), which
satisfies the following equation,

d

dt
C̃QxQx
qx,qy (t, t) = 2DC̃mQx

qx,qy (t, t)(1− e
iqx) + Γ̃xxqx,qy , (3.43)

where Γ̃xxqx,qy = µ1µ2ρ
2λ(qx)/8(2µ1 − µ2) is the corresponding source term. Now,

using the microscopic update rule, the time evolution of the equal-time mass-current
correlation in the Fourier space, i.e., C̃mQx

qx,qy (t, t), satisfies the following equation:

d

dt
C̃mQx
qx,qy (t, t) = −Dω(qx, qy)C̃

mQx
qx,qy (t, t) + f̃xqx,qy . (3.44)

Here the source term f̃xqx,qy = −µ1µ2ρ
2(1− e−iqx)ω(qx, qy)/16(2µ1 − µ2) is evaluated

from the knowledge of the steady-state density correlation, which, in Fourier space,
can be obtained by solving following equation,

d

dt
C̃mm
qx,qy(t, t) = −2DωC̃

mm
qx,qy(t, t) + ω2µ2

16
⟨m2⟩. (3.45)

Here we have the bulk-diffusion coefficient D = µ1/4 and the second moment of
mass mi at a site i as ⟨m2⟩ ≡

∫
m2Prob.[mi = m]dm. In the steady-state, we have

dC̃mm
qx,qy(t, t)/dt = 0, and we obtain the desired density correlation function as follows:

C̃mm
qx,qy = S(qx, qy) =

µ2ρ
2

4(2µ1 − µ2)
ω(qx, qy) ≃

µ2ρ
2

4(2µ1 − µ2)
(q2x + q2y), (3.46)

where the second moment of on-site mass can be explicitly calculated as ⟨m2⟩ =
2µ1ρ

2/(2µ1 − µ2). Notably, the Fourier transform of the density correlation in Eq.
(3.46) is related to the structure factor S(q) up to a constant factor. This implies
that, in the small-q limit, where λ(qx) ∼ q2x as qx → 0, the structure factor S(q)
scales as q2, with q =

√
q2x + q2y. Indeed, the vanishing of the static structure factor

S(q) at small wave number is a signature of extreme (“class-I”) hyperuniformity of
spatial density fluctuations [4]. In Fig. 3.8, we provide a heat-map of the steady-
state density correlation and structure factor for the two-dimensional mass chipping
model. Panel (a) presents a two-dimensional color heat map of the steady-state
density correlation function Cmm

r,s for an MCM on a periodic square lattice with an
area of 100 × 100. In Panel (b), we show the heat map of the structure factor,
S(qx, qy), in the scaled two-dimensional plane (Lqx/2π, Lqy/2π). Panel (c) depicts
the structure factor S(q) as a function of the magnitude q =

√
q2x + q2y of the wave

number vector q ≡ {qx, qy}. For small q values, S(q) exhibits a scaling behavior
proportional to q2, as described by Eq. (3.46). In all panels, the structure factors
calculated in the simulations are for an MCM on a periodic lattice with an area of
128× 128 and global density ρ = 1.0.

We provide below the results for dynamic correlations in the following two cases.
In the first case, we calculate the correlation function for currents along the same
direction (say, both along x direction). In the second case, we do the same for
currents along two perpendicular directions (say, along x and y directions).

79



-2 -1 0 1 2
r

-2
-1
0
1
2

s

0.0

0.2

0.4

(a)

0 32 64 96 12
8

Lqx/2π

0

32

64

96

128

Lq
y/2

π

0.0
0.2
0.4
0.6
0.8
1.0

(b)

10−1 100
q

10−3

10−2

10−1

100

S(
q) q2

Theory
(c)

Figure 3.8: MCM-CoMC I in two dimensions. Panel (a): Steady-state density
correlation Cmm

r,s is shown in a 2D color heat plot. In this panel we have taken
periodic system size of area 100× 100. Panel (b): The heat-map of structure factor
S(q) is plotted in the two-dimensional (scaled) q-plane. Panel (c): The structure
factor S(q) is shown as a function of the magnitude q =

√
q2x + q2y . For small-q

values, S(q) scales as q2 [see Eq. (3.46)]. In panel (b) and (c), we take a periodic
system of area 128× 128. Global density ρ = 1.0 for all the panels.

3.4.3 Case I: Correlation between currents along the same
direction.

Finally, we obtain a closed set of Eqs. (3.40), (3.41), (3.43), and (3.44) from which,
after some algebraic manipulation (e.g., few integrations followed by inverse Fourier
transform, which is defined as CAB

r,s = 1/L2
∑

qx,qy
C̃AB
qxqy), we are able to calculate

the time-integrated bond-current fluctuation of unequal-time CQxQx
r,s (t, t′). However,

by setting r = s = 0 and t = t′ = T , the second cumulant, or the variance, of the
time-integrated current Qx(T ) across a particular bond in x direction and in time
interval T can be obtained from CQxQx

0,0 (T, T ) = ⟨[Qx(T )]2⟩c, and it can be expressed
explicitly as

⟨[Qx(T )]2⟩c = CQxQx
0,0 (T, T ) = T

µ2⟨m2⟩
8

+
2D

L2

∑
qx,qy

[
T

Dω
− (1− e−DωT )

(Dω)2

]
× (3.47)

λqx

[
DC̃mm

qx,qy −
µ2

16
⟨m2⟩ω

]
,

where the summation is over (qx, qy) ̸= (0, 0). The above equation in the long-time
regime can be written in the following asymptotic form,

⟨[Qx(T )]2⟩c = ⟨[Qx(T )]2⟩ ≃ A1T + A2 +
A3

T
(3.48)

After some algebraic manipulation, we obtain from Eq. (3.47) the first coefficient,

A1(ρ) =
µ2⟨m2⟩

32

4− 2

L2

∑
qx,qy

λqx

 = 0, (3.49)

which, quite interestingly, vanishes as in the case of one-dimensional models dis-
cussed in the previous sections; here we have used the identity

∑
qx
λqx = 2L. In

other words, the coefficient of the leading-order term of Eq. (3.48) having linear
(∼ T ) growth is zero; however, as we show later, this particular behavior may not in
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general be observed in two (and higher) dimensions and depends on the microscopic
details of the models under consideration. Now, in the thermodynamic limit L→∞
and keeping density fixed, we can express Eq. (3.47) as the following integral,

⟨[Qx(T )]2⟩c =
µ2ρ

2

2(2µ1 − µ2)

1

(2π)2

2π∫
0

2π∫
0

dqxdqy
λ(qx)

(
1− e−DωT

)
λ(qx) + λ(qy)

, (3.50)

For large time T , we have the asymptotic expression of Eq. (3.50) as

CQxQx
0,0 (T, T ) ≃ A2(ρ)

[
1− 1

4πD
T−1

]
, (3.51)

where we have used the approximation λ(qα) ≈ q2α and obtain

A2(ρ) = lim
T→∞

CQxQx
0,0 (T, T ) =

µ2ρ
2

4(2µ1 − µ2)
. (3.52)

In other words, at long times, the variance of time-integrated bond current, quite
strikingly, saturates to a constant value. Next, we calculate the two-point unequal-
time correlation function for bond current (correlation between the currents at un-
equal times, but both along the same, say x, direction), which can be obtained
as

CJxJx
0,0 (t, 0) =

[
d

dt

d

dt′
CQxQx

0,0 (t, t′)

]
t′=0,t≥0

= Γxx0,0δ(t)−
µ2
1µ2ρ

2

64(2µ1 − µ2)

1

L2

∑
qx,qy

e−Dωtλqxω.

(3.53)

By taking the infinite-volume limit L → ∞ with t > 0 finite, the above expression
can be written in an integral form,

CJxJx
0,0 (t, 0) = − µ2

1µ2ρ
2

64(2µ1 − µ2)

1

(2π)2

2π∫
0

2π∫
0

dqxdqye
−Dωtλ(qx)ω(qx, qy). (3.54)

By using the approximation λ(qα) ≈ q2α in the above equation, we get the asymptotic
behavior of instantaneous current correlation function at large times,

CJxJx
0,0 (t, 0) ≃ − µ2ρ

2

4πµ1(2µ1 − µ2)
t−3. (3.55)

Clearly, as in Eq. (3.55), the decay of the dynamic (two-point) correlation function
for bond current in two dimensions differs from that of the CoM-conserving models
in one dimension as shown in Eq. (3.39) for MCMs and in Ref. [44] for the Oslo
model.

3.4.4 Case II: Correlation between currents along two per-
pendicular directions.

The unequal-time (t > t′) current correlation between currents along two perpen-
dicular directions x and y can be written as

d

dt
C̃QxQy
qx,qy (t, t′) = D(1− eiqx)C̃mQy

qx,qy (t, t
′), (3.56)
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where unequal-time mass current correlation C̃
mQy
qx,qy (t, t

′) satisfy following equation

d

dt
C̃mQy
qx,qy (t, t

′) = −Dω(qx, qy)C̃mQy
qx,qy (t, t

′), (3.57)

Now to solve Eq. (3.56), we require equal-time correlation function for two cumula-
tive currents Qx and Qy in the perpendicular directions x and y, respectively,

d

dt
C̃QxQy
qx,qy (t, t) = D(1− eiqx)C̃mQy

qx,qy (t, t) +D(1− eiqy)C̃mQx
qx,qy (t, t) + Γ̃xyqx,qy(ρ), (3.58)

where Γ̃xyqx,qy(ρ) = µ1µ2ρ
2(1 − eiqx)(1 − e−iqy)/8(2µ1 − µ2). Furthermore, following

along the lines of the calculations given in section 3.4.2 and explicitly solving the
above set of time-evolution equations, we calculate equal-time “cross”-correlation
function (i.e., correlation between currents in x and y directions, measured up to
time T ) for the time-integrated bond current (by setting r = s = 0),

C
QxQy

0,0 (T, T ) =
µ2ρ

2

4(2µ1 − µ2)

1

L2

∑
(qx,qy) ̸=(0,0)

(1− e−DωT )
ω

Λ(qx, qy) (3.59)

≃ B1T +B2 +B3T
−2,

where we denote
Λ(qx, qy) = [λ(qx) + λ(qy)− λ(qx − qy)],

andB1, B2 andB3 are density-dependent constant coefficients, describing the asymp-
totic growth law for cross-correlation function. Note that, in this particular case of
two-dimensional MCM-CoMC I, the coefficient B1 of the first term corresponding
to the linear-time growth is identically zero and we find

B1 =
µ2⟨m2⟩

32

2− 1

L2

∑
(qx,qy )̸=(0,0)

Λ(qx, qy)

 = 0; (3.60)

this is however not the case for the other two-dimensional case of MCM-CoMC II
discussed in the next section and depends on microscopic details. In the thermody-
namic limit (L→∞ and global density ρ being fixed), the summation in the above
equation can be written as an integral,

C
QxQy

0,0 (T, T ) =
µ2ρ

2

4(2µ1 − µ2)

1

(2π)2

2π∫
0

2π∫
0

dqxdqy
(1− e−DωT )

ω
Λ(qx, qy). (3.61)

The form of the second factor Λ(qx, qy) = λ(qx) + λ(qy) − λ(qx − qy) in the right
hand side (inside the integral) of the above equation is generic in any dimension
d, where one considers correlations between currents along any two perpendicular
directions (here, x and y); see the sketch of the calculation details given in 3.6. In
the above expression, we can write the factor explicitly as Λ(qx, qy) = 2(1−cos(qx))+
2(1− cos(qy))− 2+2 cos(qx) cos(qy)+2 sin(qx) sin(qy). Now the integration over the
last term 2 sin(qx) sin(qy) in the factor Λ vanishes. Therefore, in the limit of small
wave numbers, the remaining terms, in the leading order, can be approximated as
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λ(qx) + λ(qy)− λ(qx− qy) ≈ q2xq
2
y/2, leading to the following asymptotic form of the

“cross-correlation” function for cumulative bond currents,

C
QxQy

0,0 (T, T ) ≃ B2(ρ)−
2µ2ρ

2

16µ2
1(2µ1 − µ2)π

T−2, (3.62)

which, for large times, saturates to a density-dependent constant,

B2(ρ) =
µ2ρ

2

4(2µ1 − µ2)

1

(2π)2

2π∫
0

2π∫
0

dqxdqy
Λ(qx, qy)

ω
. (3.63)

Notably, in the above equation, the dynamic “cross”-correlation function C
QxQy

0,0 (T, T )
for time-integrated bond currents along two orthogonal (x and y) directions decays
much faster, i.e., as a T−2 power law [see panel (e) of Fig. 3.9], as compared to that
along the same direction, which decays as T−1 [see panel (b) of Fig. 3.9] obtained
in Eq. (3.51). Now, we calculate the dynamical cross-correlation function for the
instantaneous bond current as

C
JxJy

0,0 (t, 0) = Γxy0,0δ(t)−
µ2
1µ2ρ

2

128(2µ1 − µ2)

1

L2

∑
qx,qy

e−Dω(qx,qy)tω(qx, qy)Λ(qx, qy), (3.64)

where Γxy0,0 = µ2⟨m2⟩/16. Now, in the thermodynamic limit L→∞, we obtain, for
time t > 0,

C
JxJy

0,0 (t, 0) = − µ2
1µ2ρ

2

128(2µ1 − µ2)

1

(2π)2

2π∫
0

2π∫
0

dqxdqye
−Dω(qx,qy)tω(qx, qy)Λ(qx, qy)

(3.65)

≃ − 3µ2ρ
2

16µ2
1(2µ1 − µ2)π

t−4.

In panel (a) of Fig. 3.9, we plot the variance ⟨[Qx(T )]2⟩c ≡ CQxQx
0,0 (T, T ) of

time-integrated bond current along x direction in time interval T as a function of
time T . In panel (b) of Fig. 3.9, the relative bond-current fluctuation [A2(ρ) −
CQxQx

0,0 (T, T )], is plotted as a function of time T . The decay follows a T−1 power-law
behavior as in Eq. (3.51) (purple dot-dashed). In panel (c) of the same figure, the
correlation function CJxJx

0,0 (t, 0) for bond currents in the same (x) direction is plotted

as a function of time t. The corresponding cross-correlation function C
QxQy

0,0 (T, T )
for time-integrated bond currents along the orthogonal (x and y) directions and

the asymptotic behavior of A2(ρ) − CQxQy

0,0 (T, T ) are plotted as a function of time
T in panels (d) and (e), respectively. In panel (f), the cross correlation function

C
JxJy

0,0 (t, 0) for bond current is plotted as a function of time t. The dashed-lines
(orange) in panels (a), (c), (d), and (f) are obtained from theory as in Eqs. (3.50),
(3.54), (3.61) and (3.65), respectively. In all the panels, simulations (blue line) are
for periodic system of area 100× 100 and global density ρ = 1.0.
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Figure 3.9: MCM-CoMC I in two dimensions: Panel (a): Equal-time bond-current
fluctuations (in the same direction) CQxQx

0,0 (T, T ) are plotted as a function of time T .

Panel (b): The relative bond current fluctuation A2(ρ)−CQxQx
0,0 (T, T ), is plotted as a

function of time T . The decay follows a T−1 [see Eq. (3.51) ] behavior (purple dot-
dashed). Panel (c): The instantaneous current correlation in the same direction,
CJxJx

0,0 (t, 0), is plotted as a function of time t. The cross-correlation of the bond

current, C
QxQy

0,0 (T, T ) (panel d) , and the asymptotic behavior of A2(ρ)−CQxQy

0,0 (T, T )
(panel e) are plotted as a function of time T . Panel (f): The cross current correlation,

C
JxJy

0,0 (t, 0), is plotted as a function of time t. The dashed-lines (orange) in panels
(a), (c), (d), and (f) are obtained from theory as in Eqs. (3.50), (3.54), (3.61) and
(3.65), respectively. In all panels, simulations (blue line) have been performed for
system of area 100× 100 and global density ρ = 1.0.
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3.5 Two-dimensional MCM-CoMC II

In this section, we consider the following model in two dimensional square lattice
on a periodic domain. Mass at a site (i, j) is fragmented with unit rate, where the
site retains a random fraction ξmi,j of mass. The remaining mass is chipped off
and divided into two equal parts, each of which, having ξ̃mi,j/2 amount of mass,
is transferred to each of the two nearest neighbor sites in the horizontal or vertical
direction, i.e., either to (i+ 1, j) and (i− 1, j) (horizontal direction) or to (i, j + 1)
and (i, j−1) (vertical direction), with equal probability. From the time evolution of
the density profile, we were able to calculate the bulk-diffusivity D = µ1/4, which
is the same as the value obtained in the previous model discussed in Section 3.4.

3.5.1 Correlation between currents along the same direc-
tions.

In this section, we calculate the dynamical correlation of current (correlation in the
same direction), i.e., CQxQx

0,0 , in terms of the Fourier modes of the density correlation

function C̃mm
qx,qy as:

CQxQx
0,0 (T, T ) = T

µ2⟨m2⟩
4

+
2D

L2

∑
qx,qy

[
T

Dω
− (1− e−DωT )

(Dω)2

]
λqx

[
DC̃mm

qx,qy −
µ2

8
⟨m2⟩λqx

]
,

(3.66)

where C̃mm
qx,qy is Fourier models of the steady-state density correlation function and

Cmm
0,0 +ρ2 ≡ ⟨m2⟩ > 0 is the second moment of mass at a single site. In the long-time

regime, the above equation can be written in an asymptotic form,

CQxQx
0,0 (T, T ) = ⟨[Qx(T )]2⟩c ≃ A1T + A2 + A3T

−1, (3.67)

where A1, A2 and A3 are constant coefficients. We note that the coefficient of the
first term corresponding to the linear-growth is nonzero and can be expressed as

A1 =
µ2⟨m2⟩

8

2− 1

L2

∑
qx,qy

λ2(qx)

ω

 ≈ µ2⟨m2⟩(π − 2)

4π
̸= 0. (3.68)

In Eq. (3.66), we have used the Fourier modes of the steady-state density correlation
function C̃mm

qx,qy , which can in principle be obtained from the following equation,

d

dt
C̃mm
qx,qy(t, t) = −2DωC̃

mm
qx,qy(t, t) + (λ2qx + λ2qy)

µ2

8
⟨m2⟩. (3.69)

In the limit t→∞, the above equation leads to the expression of density correlation
function in the Fourier space,

C̃mm
qx,qy =

µ2

4µ1

⟨m2⟩
λ2qx + λ2qy
λqx + λqy

= ρS(qx, qy). (3.70)

In the subsequent analysis, where we obtain various asymptotic behavior for bond
current fluctuation and the corresponding exponents, we do not actually require
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Figure 3.10: Panel (a): The steady-state density correlation Cmm
r,s is depicted in a

2D color heat plot. In this panel, we have taken a periodic square lattice of area
100× 100. Panel (b): The heat-map of steady-state structure factor S(q) is plotted
in two-dimensional (scaled) q-plane. Panel (c): The structure factor S(q) is plotted
as a function of q. The guiding line (purple dashed-dotted) represents q2 growth as
q → 0. In the inset of panel (c), we have plotted the structure factor S(qx, 0) as a
function of qx, setting qy = 0 and compared it with theory (orange line) obtained
from Eq. (3.70). In panels (b) and (c), we take a periodic square lattice of area
L× L with L = 128 and global density ρ = 1.0 for the above-mentioned plots.

to explicitly solve for ⟨m2⟩, which simply appears as a proportionality constant.
In panel (a) of Fig. 3.10, we have shown the heat map of steady-state density
correlation Cmm

r,s for system size 100 × 100. In panel (b), the heat plot of steady-
state structure factor S(q) has been plotted in two-dimensional (scaled) q-plane.
Panel (c): The structure factor S(q) is plotted as a function of q =

√
q2x + q2y. The

guiding line (purple dashed-dotted) represents q2 growth. In the inset of panel (c),
we have plotted the structure factor S(qx, 0) as a function of qx, setting qy = 0 and
theory line (orange) obtained from Eq. (3.70). We have measured structure factor
for periodic square lattice of area 128 × 128. Global density has been taken to be
ρ = 1.0 for all panels.

Furthermore, after some algebraic manipulations, we can rewrite Eq. (3.66) in
the following asymptotic form,

CQxQx
0,0 (T, T ) = ⟨(Qx)2⟩ = A1T +

µ2⟨m2⟩
(2π)2

2π∫
0

2π∫
0

dqxdqy(1− e−DωT )
[
λ(qx)

ω

]2
(3.71)

≃ µ2⟨m2⟩(π − 2)

4π
T +

µ2⟨m2⟩
2π

(π − 1)− 3µ2⟨m2⟩
8µ1π

T−1

≡ A1T + A2 + A3T
−1,

where we use the approximation λ(qα) ≈ q2α. From the above equation, we find
that the variance CQxQx

0,0 (T, T ) of time-integrated bond current grows linearly ∼ T
with time; indeed, this particular growth law is qualitatively different from the
other variants of one- and two-dimensional MCM-CoMC studied in the previous
sections 3.2.2, 3.3, and 3.4, where A1 is zero and the variance of time-integrated
bond current saturate to a constant value at long times. We next calculate the
correlation function, CJxJx

0,0 (t, 0) ≡ CJxJx
0,0 (t), for the bond currents in the same (x)

86



direction as follows:

CJxJx
0,0 (t, 0) = Γxx0,0δ(t)−

⟨m2⟩µ1µ2

64

1

L2

∑
qx,qy

e−Dωtλ2qx , (3.72)

with Γxx0,0 = µ2⟨m2⟩/4. In the thermodynamic limit and for t > 0, the above equation
can be written in the following integral form

CJxJx
0,0 (t, 0) = −⟨m

2⟩µ1µ2

64

1

(2π)2

2π∫
0

2π∫
0

dqxdqye
−Dωtλ2(qx) ≃ −

µ2⟨m2⟩
32πµ1

t−3, (3.73)

where the above asymptotic expression has been calculated for large time and by
using the approximation λ(q) ≈ q2. Using Eq. (3.72), also the power spectrum for
instantaneous bond current can be calculated by taking the Fourier transform of the
unequal-time bond current correlation function,

SJ(f) =

∞∫
−∞

dtCJxJx
0 (t, 0)ei2πft = SJ(0) +

⟨m2⟩µ1µ2

32DL2

∑
qx,qy

λ2qx
ω

4π2f 2

4π2f 2 +D2ω2
, (3.74)

where the zero-frequency mode of the power spectrum is given by

SJ(0) =
µ2⟨m2⟩

8

2− 1

L2

∑
qx,qy

λ2(qx)

ω

 = A1 ≡ lim
T→∞

⟨Q2(T )⟩c
T

. (3.75)

It should be noted that the coefficient A1 is actually nonzero for this particular
variant in two (and higher) dimensions, signifying that, in temporal domain, time-
integrated bond current is not hyperuniform and its variance has a linear growth as
a function of time.

3.5.2 Correlation between currents along two perpendicular
directions.

Now, we calculate the cross-correlation function for time-integrated bond currents
in the two orthogonal directions (x and y) as follows:

C
QxQy

0,0 (T, T ) = −⟨m
2⟩µ2

16

1

L2

∑
qx,qy

[
T

ω
− 1− e−DωT

Dω2

]
Λ(qx, qy)γ(qx, qy), (3.76)

where γ(qx, qy) = (2λqxλqy +λ2qx −λ
2
qy)/(λqx +λqy). In the thermodynamic limit, we

can write the above equation in an integral form,

C
QxQy

0,0 (T, T ) = − ⟨m
2⟩µ2

16(2π)2

2π∫
0

2π∫
0

dqxdqy

[
T

ω
− 1− e−DωT

Dω2

]
Λ(qx, qy)γ(qx, qy) (3.77)

≃ −⟨m
2⟩µ2(10− 3π)π4

384
T +

⟨m2⟩µ2π
2(3π − 8)

256µ1

− 3⟨m2⟩µ2

128µ3
1π

T−2,

≡ B1T +B2 +B3T
−2,
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where we have used the approximation λ(qα) ≈ q2α. Note that, in the long-time
regime, the cross-correlation of the time-integrated current grows linearly with time,
where the prefactor of the growth B1 < 0 is negative. Physically, this negative sign
implies that, if some current is generated along x direction over a time interval T ,
the current along y-direction flows in the negative direction due to the existence
of current loops, or vortices, in two dimensional geometry [132]. However, quite

interestingly, the sign of this cross-correlation function C
QxQy

0,0 for orthogonal (along x
and y) currents is positive for the model (two-dimensional MCM-CoMC I) discussed
in the previous section. Similarly, we have calculated the fluctuation of instantaneous
current in different direction

C
JxJy

0,0 (t, 0) = −⟨m
2⟩µ2µ1

128

1

(2π)2

2π∫
0

2π∫
0

dqxdqye
−DωtΛ(qx, qy)γ(qx, qy) (3.78)

≃ −9⟨m2⟩µ2

128µ3
1π

t−4,

where we use the approximation λ(qα) ≈ q2α. In Fig. 3.11, we have plotted various
time-dependent quantities involving current correlations in this model. In panel (a)
of Fig. 3.11, the time-integrated bond-current fluctuation CQxQx

0,0 (T, T ) is plotted as a
function of time T . In panel (b) of the same figure, the negative of the instantaneous
current correlation CJxJx

0,0 (t, 0) is plotted as a function of time t. In panel (c), the

negative of time-integrated “cross”-current correlation C
QxQy

0,0 is plotted as a function

of time T . In panel (d), the negative of cross-correlation C
JxJy

0,0 (t, 0) for instantaneous
bond current is plotted as a function of time t. The orange dashed lines in all these
panels represent the theory lines, where the asymptotic (purple dashed-dotted lines)
there are obtained from Eqs. (3.71), (3.73), (3.77), and (3.78), respectively. Here,
we have considered a periodic system with area 100×100 and global density ρ = 1.0.

3.6 Dynamic correlations in d dimensions: Sketch

of the calculations

Let us consider a system on a d-dimensional periodic square lattice, where masses
diffuse with both mass and CoM conserved. Now let us denote the time-integrated
bond currents as Qα and Qβ along two orthogonal directions α and β (like x and y
for d = 2), respectively. In this case, the unequal-time (t > t′) current correlation
function in Fourier space can be written as

d

dt
C̃

QαQβ
q (t, t′) = D(1− eiqα)C̃mQβ

q (t, t′), (3.79)

where q is d-dimensional wave-number vector with qα being the component of q
along direction α. Equation (3.79) has a similar structure to that in one dimension,
with D being the bulk-diffusion coefficient. To solve the above equation, we require
the unequal-time mass-current correlation, which satisfies the following equation:

d

dt
C̃
mQβ
q (t, t′) = −Dω(q)C̃mQβ

q (t, t′), (3.80)
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Figure 3.11: MCM-COM II in two dimensions. Panel (a): The bond-current
fluctuation CQxQx

0,0 (T, T ) is plotted as a function of time T . Panel (b): Negative of

instantaneous current correlation CJxJx
0,0 (t, 0) is plotted as a function of time t. Panel

(c): The negative of time-integrated cross-current correlation C
QxQy

0,0 is plotted as
a function of time T . Panel (d) Negative of instantaneous cross-current correlation

C
JxJy

0,0 (t, 0) is plotted as a function of time t. The orange dashed lines in panels (a),
(b), (c) and (d) represent the theory lines and the asymptotic (purple dashed-dotted
lines) are obtained from Eqs. (3.71), (3.73), (3.77), and (3.78), respectively. We take
a periodic system of area 100× 100 and the global density ρ = 1.0.
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where ω(q) =
∑

α λ(qα). To obtain the general solution of the above two equations,
namely Eqs. (3.79) and (3.80), we also require the equal-time current-current and
mass-current correlation functions. First, we write the time evolution of equal-time
current-current correlation function as

d

dt
C̃

QαQβ
q (t, t) = D(1− eiqα)C̃mQβ

q (t, t) +D(1− eiqβ)C̃mQα
q (t, t) + Γ̃αβq (ρ), (3.81)

where Γ̃αβq (ρ) is a model-dependent quantity. The equal-time mass-current correla-
tion can be expressed as

d

dt
C̃
mQβ
q (t, t) = −Dω(q)C̃mQβ

q (t, t) + f̃βq (ρ), (3.82)

where

f̃βq (ρ) = (1− e−iqβ)GI/II
β (q, ρ). (3.83)

HereGI
β(q, ρ) = [DC̃mm

q (ρ)−gI(ρ)
∑

α λ(qα)] andG
II
β (q, ρ) = [DC̃mm

q (ρ)−gII(ρ)
∑

α λ(qα)δα,β],
and gI(ρ) = µ2⟨m2⟩/8 and gII(ρ) = µ2⟨m2⟩/16 are two model-dependent constants;
also, in the above equation, case I corresponds to simultaneous mass transfer along
all d axes and case II corresponds to mass transfer along a β-axis (chosen ran-
domly during a mass transfer event), whereas CoM is conserved in both cases. By
integrating Eq. (3.82), we obtain

C̃
mQβ
q (t′, t′) =

t′∫
0

dt′′e−Dωq(t′−t′′)f̃βq (ρ). (3.84)

Then by integrating Eq. (3.81) and using Eq. (3.84), finally we obtain the equal-time
current correlation function in the Fourier space,

C̃
QαQβ
q (t, t) =

t∫
0

dtΓ̃αβq (ρ) +DΛ(qα, qβ)G
I/II
β (q, ρ)

t∫
0

dt′
t′∫

0

dt′′e−Dωq(t′−t′′). (3.85)

Now integrating Eq. (3.79) and using Eqs. (3.85), (3.80), and (3.84), finally, we
obtain the unequal-time current correlation in the Fourier space as

C̃
QαQβ
q (t, t′) (3.86)

= Γ̃αβq t′ +DΛ(qα, qβ)G
I/II
q (ρ)

[ t′∫
0

dt′′
t′′∫
0

dt′′′e−Dωq(t′′−t′′′) +
1

2

t∫
t′

dt′′
t′′∫
0

dt′′′e−Dωq(t′′−t′′′)

]
,

where Λ(qα, qβ) = [λ(qα) + λ(qβ)− λ(qα − qβ)]. After performing the integration of
Eq. (3.86) and putting t = t′ = T , we have equal time bond current fluctuation as

C̃
QαQβ
q (T, T ) = Γ̃αβq T +DΛ(qα, qβ)G

I/II
β (q, ρ̄)

[
T

Dωq
− 1− e−DωqT

(Dω(q))2

]
. (3.87)
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Above current correlation in real space can be obtained by taking the inverse Fourier
transform on both sides as

C
QαQβ
r (T, T ) =

T

Ld

∑
q

Γ̃αβq e−iq·r +
T

Ld

∑
q ̸=0

Λ(qα, qβ)G
I/II
β (q, ρ̄)

ω(q)
e−iq·r (3.88)

− 1

Ld

∑
q ̸=0

Λ(qα, qβ)G
I/II
β (q, ρ̄)(1− e−DωqT )

Dω2(q)
e−iq·r

For t > 0, the unequal-time (instantaneous) bond current correlation function can
be written from the above equation as

C
JαJβ
r (t, 0) =

D

2

∫
BZ

ddqΛ(qα, qβ)G
I/II
β (q, ρ̄)e−Dωqte−iq·r. (3.89)

Now, we have, in the small wave-number limit,

Λ(qα, qβ) ≃

{
q2αq

2
β

2
for α ̸= β,

2q2α for α = β
(3.90)

and G
I/II
q ∼ O(q2α, q2β); these can be used in (3.89) to derive the asymptotic expres-

sion for the bond current correlation function as given in Eqs. (3.91) and (3.93).

3.7 Generalization to arbitrary dimensions

In the previous sections, we have explicitly calculated the steady-state dynamic
correlation functions for instantaneous and time-integrated bond current in MCMs
with CoM conservation (MCM-CoMCs) in d = 1 and 2 dimensions; moreover, the
corresponding exponents governing the decay (or, growth) of these dynamic corre-
lations have been exactly determined. In this section, we discuss how the long-time
asymptotics can be generalized to d dimensions through simple dimensional scaling
analysis. For example, the (two-point) unequal-time bond-current correlation func-
tion CJαJα

0 (t, 0) has the following asymptotic power-law decay in d dimensions as a
function of time t,

CJαJα
0 (t, 0) ∼ −

∞∫
0

q4e−Dq
2tqd−1dq ∼ −t−(2+d/2), (3.91)

where α ∈ [x, y] denote x or y direction, and we have approximated ω(q) ≈ q2,
with q being the magnitude of the wave-number vector q in d-dimensions. The
above asymptotic form has been derived by simple power counting of qα’s in the
integrands of Eqs. (3.54) and (3.73) for the MCM-CoMC models I and II, respec-
tively. Alternatively, the expression can also be derived directly from the general
expression of current correlations given in Eq. (3.89) by replacing β by α and using
the scale transformation qα = q′α/

√
t; for details, see 3.6. The power spectrum for

the correlation function for the bond currents along a particular direction α in the
small-frequency regime has an asymptotic form,

SJ(f) =

∞∫
−∞

dtCJαJα
0 (t, 0)ei2πft ≃ A1 + Const.f (1+d/2), (3.92)
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where A1 ≡ SJ(0), the zero-frequency mode, can be expressed in the thermody-
namic limit as A1 = limT→∞⟨Q2

α(T )⟩/T . In one dimension, as demonstrated in
Secs. 3.2 and 3.3, the coefficient A1 vanishes, signifying that the dynamic cur-
rent fluctuations exhibit “class-I” hyperuniformity [4], albeit in the time domain,
as previously observed for a different quantity - activity fluctuations - in a sandpile
model [50]. However, in higher dimensions (d > 1), A1 can be nonzero, depending
on the microscopic details (e.g., for MCM CoMC II, A1 > 0, as shown in (3.68)).
Consequently, dynamic hyperuniformity may be lost even though static fluctuations
remain hyperuniform, with S(q → 0)→ 0.

One can also calculate the “cross”-correlation functions for currents in two or-
thogonal directions; that is, if a current is initially (t = 0) generated in a bond in
the x-direction, one may ask how it is correlated to the current across a bond in (or-
thogonal) y-direction at a later time t. The asymptotic form of the cross correlation
functions in d-dimension can be written as

C
JαJβ

0 (t, 0) ∼ −
∞∫
0

q6e−Dq
2tqd−1dq ∼ −t−(3+d/2). (3.93)

The above asymptotic form has been derived by power counting of qα’s in the inte-
grands of Eqs. (3.65) and (3.78) in the MCM-CoMC models I and II, respectively.
Alternatively, it can be derived from Eq. (3.89) by replacing β by α and using
the transformation qα = q′α/

√
t; for details, see 3.6. The asymptotic forms in Eqs.

(3.91), (3.92) and (3.93) are expected to be generic for diffusive systems with CoM
conservation, regardless of microscopic details; however, the existence of phase tran-
sition in the system (e.g., in the presence of a threshold condition in dynamics) can
change the scenario. As there are no cross-correlations in one dimension, Eq. (3.93)
is applicable only for d > 1.

Equivalently, one can also obtain the variance (second cumulant) ⟨Q2
α(T )⟩c of

time-integrated bond-current in a fixed time interval T , having the following asymp-
totic form in the thermodynamic limit,

⟨Q2
α(T )⟩c ≡ CQαQα

0,0 (T, T ) ≃ A1T + A2 + A3T
−d/2, (3.94)

where Ai’s are density- and parameter-dependent constants. The above asymptotic
form has been obtained by power counting of qα’s in the integrands of Eqs. (3.50) and
(3.71) in the MCM-CoMC models I and II, respectively. It can also be obtained by
taking the inverse Fourier transform of Eq. (3.86), replacing β by α and then using
the scale transformation qα = q′α/

√
t. Quite strikingly, depending on dimensions and

the microscopic details of the models, the variance of time-integrated bond current
saturates at long times, i.e, A1 = 0 vanishes [see Eqs. (3.32) and (3.49)]. Though
this feature is presumably generic in one dimension, however in higher dimensions
d > 1, the coefficient A1 need not always vanish [see Eq. (3.68) for MCM-CoMC II

in d = 2]. We can also calculate the cross-correlation function C
QαQβ

0,0 (T, T ), which
has an asymptotic form,

C
QαQβ

0,0 (T, T ) ≃ B1T +B2 +B3T
−(1+d/2), (3.95)

whereBi’s are constant (density- and parameter-dependent) coefficients. The asymp-
totic form has been obtained by power counting of qα’s in the integrands of Eqs.
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(3.61) and (3.77) in the MCM-CoMC models I and II, respectively. It can also be
derived by taking the inverse Fourier transform of Eq. (3.86), using α ̸= β and
then the scale transformation qα = q′α/

√
t. As in the case of the correlation func-

tion for time-integrated bond currents (in the same direction), the cross-correlation
function for currents in the two orthogonal (e.g., x and y) directions can also sat-
urate at long times, and B1 in that case is zero (i.e., no long-time linear growth of
correlation function), depending on the microscopic details, as demonstrated in the
two-dimensional case of MCM-CoMC I [see Eq. (3.60)].

3.8 Summary and concluding remarks

In this chapter, we have theoretically investigated steady-state dynamic correlations
for currents in a broad class of mass transport processes, known as mass chipping
models (MCMs), which have both mass and center of mass (CoM) being conserved.
We study these models - MCMs with CoM conservation, called here MCM-CoMCs
- specifically in d = 1 and 2 dimensional periodic domain of size L; the results can
be suitably generalized to arbitrary dimensions. Notably, the MCM-CoMCs belong
to the generalized Kipnis-Marchioro-Pressutti (KMP) models [15, 34, 57, 58, 60,
116, 117], where masses fragment (i.e, get chipped off from parent masses), diffuse
and then coalesce with neighboring masses with constant rate. They have broken
time-reversal symmetry, thus no detailed balance, in the bulk and, in most cases,
their steady states cannot be described by the equilibrium Boltzmann-Gibbs distri-
bution. Recently, the role of detailed-balance violation and the CoM conservation
have received significant attention in the context of an exotic state of matter, that
of “hyperuniform” systems, which are examples of many-body correlated systems
with their density fluctuations anomalously suppressed. Indeed, unlike in typical
diffusive systems having a single conserved quantity (e.g., mass), the fluctuation
properties of the MCM having both mass and CoM conservation are fundamentally
different. We show that both dynamic and static fluctuations in the MCM-CoMCs
are greatly suppressed in spatial and temporal domains, leading to the emergence
of an extreme form of (“class I”) hyperuniform state of matter.

In these models, we show that, in the limit of small wave numbers q → 0, the
static structure factor S(q) vanishes as q2. Indeed, this particular dependence of the
static structure factor at small wave numbers is a signature of an extreme form of
(“class-I” [4]) hyperuniformity in the spatial domain, implying an extreme suppres-
sion of density fluctuations in the systems. Furthermore, we analytically calculate
various time-dependent quantities, including the time-varying density profiles that
relax from a given initial condition and the dynamic correlation functions for cur-
rents. We show that the two-point dynamic correlation CJαJα

0 (t, 0) for bond current
in a particular direction, with α ∈ x, y, varies as ∼ −t−(2+d/2) as a function of
time t in d-dimensions. For example, in d = 1 dimension, the temporal decay is
described by a power law t−5/2; this should be contrasted with that in the one-
dimensional symmetric simple exclusion processes (SSEPs) [78] or the MCMs [103],
having only a single (mass) conservation law, where the dynamic correlation function
for current decays slower, ∼ t−3/2, as a function of time. Likewise, in the thermo-
dynamic limit, the power-spectrum SJ(f) for bond current in the models studied
here has an asymptotic form as SJ(f) ≃ A1 + Const.f 1+d/2 for small frequencies
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f → 0. That is, in one dimension where we have A1 = 0, the small-frequency power
spectrum for MCM-CoMCs is much suppressed as compared to that in, e.g. the
one-dimensional SSEP, where the corresponding behavior is described by the f 1/2

power law [78]. However, the long-time behavior of the second cumulant, or the
variance, ⟨Q2

α(T )⟩c of the time-integrated bond current Qα(T ) in a time interval T
has a long-time asymptotic form ⟨Q2

α(T )⟩c ≡ CQαQα
0,0 (T, T ) ≃ A1T + A2 + A3T

−d/2,
which is quite nuanced and has an intricate behavior, depending on the dimen-
sion and microscopic details of the models. While, in one dimension, the variance
⟨Q2

α(T )⟩c, quite strikingly, saturates at long times, the variance in higher dimensions
(say, d = 2) could either saturate or grow linearly with time. Another quantity of in-

terest in higher dimensions is the cross-correlation function C
JαJβ

0 (t, 0) ∼ −t−(3+d/2)

for currents in two orthogonal (e.g., x and y) directions α and β (with α ̸= β);
the correlation function decays as a power law, which is however faster than that

when α = β. The cross-correlation function C
QαQβ

0,0 (T, T ) for currents Qα and Qβ
in the two orthogonal directions α and β (e.g., x and y) has a long-time asymptotic

form C
QαQβ

0,0 (T, T ) ≃ B1T +B2 +B3T
−(1+d/2), which, depending on the microscopic

details, can also saturate at long times, and B1 in that case simply vanishes. The
subtle effects due to the formation of current loops (vortices [132]), generated at
later times due to the bond current at an initial time (t = 0), could physically
explain the reduction of current fluctuations, as well as the vanishing of the coeffi-
cients A1 and B1 in some cases, in the presence of CoM conservation. Usually, in
higher dimensions without CoM conservation, these current loops would typically
feed in (positive feedback) the current at later times (as well as the cumulative cur-
rent overall), thus typically enhancing the current fluctuations. However, the CoM
conservation generates opposing current loops (clockwise and anticlockwise), which
decrease current fluctuations in the systems. Furthermore, depending on the micro-
scopic details, a greater number of opposing current loops can be formed, such as in
the case of the first variant MCM-COMC-I, where mass is transported simultane-
ously along all axes and directions. The precise quantitative characterization of the
spatio-temporal structure of these current loops (or, vortices) is however beyond the
scope of the present study, and will be considered elsewhere [133].

Though MCMs have been extensively investigated throughout the past several
decades, the role of an additional conservation law, such as the CoM conservation, on
relaxation and fluctuation properties of such systems however remains unexplored
and lacks good theoretical understanding. Indeed, recently, there has been growing
interest in characterizing large-scale properties of systems having multiple conserved
quantities, especially in the context of quantum many-body systems, like fractonic
fluids and spin-systems with dipole-like (or, multipole-like) conservation laws [127,
128]. In the latter cases, the density relaxation are found to be subdiffusive [126,
134]; however, it must be noted that these models of course have time-reversal
symmetry, lack of which, as we have demonstrated here, can indeed have a drastic
impact on the relaxation processes. To systematically investigate the issue, here we
ask what happens when the time-reversal symmetry, or detailed balance, is actually
broken in the bulk, which is the case for the broad class of models studied in this
work. Indeed, in the context of the MCM-CoMCs considered here, we find that,
despite highly constrained microscopic dynamics with CoM conservation, the density
relaxation in the absence of time-reversal symmetry need not be subdiffusive [44,
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135, 136], and we show that the density relaxation in MCM-CoMCs is diffusive.
Nevertheless, the fluctuation properties of MCM-CoMCs differ significantly from
those of typical diffusive systems with a single conserved quantity, such as symmetric
exclusion processes [78, 137] and MCMs without CoM conservation [103].

We conclude the paper with a few remarks. Despite having a nonequilibrium
steady state, which is not described by the Boltzmann-Gibbs distribution and has a
nontrivial steady-state structure having finite spatial correlations in the bulk, MCM-
CoMCs are amenable to analytical calculations. The analytical tractability arises
from the fact that not only the MCM-CoMCs have a “gradient property” [137],
but also the bulk-diffusion coefficient is independent of density; in other words, the
local diffusive current is a linear function of local masses as seen in Eq. (3.11).
In fact, the latter aspect - the linearity property of Eq. (3.11) - is quite crucial for
performing explicit analytical calculations as done in the present work. We show that
the above linearity property leads to the time-evolution equations for the two-point
(in general, n-point) correlation functions to not involve higher-order correlations
and thus to close onto themselves. Of course, many other dynamical variations
of these models are possible. For example, adding a threshold condition on the
mass transfer rules (in other words, mass-dependent chipping rates) would certainly
make the model more interesting because of the possibility of a nonequilibrium phase
transition in the system, similar to the absorbing phase transition observed in the
BRO model [93] or the continuous-mass version of the celebrated Manna sandpile
[12, 105]. However, it would immediately make the correlation functions have an
infinite BBGKY-like hierarchy, rendering the model analytically almost intractable
in even one dimension. Indeed, it remains a challenge to derive rigorous results
for time-dependent properties of the latter class of systems, and the exact results
derived in this work could provide some useful insights in that direction.
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4
Generic power laws in

higher-dimensional lattice models

4.1 Introduction

Lattice models have played a crucial role in developing a statistical mechanics frame-
work for systems driven out of equilibrium, particularly those having a conserved
quantity (e.g., mass) [19, 36, 38, 138, 139]; for reviews, see [9, 54]. However, most
analytical studies rely on approximation techniques [139] and phenomenological field
theories [36, 38], and exact results are relatively rare [33, 140–142]. Despite decades
of intense numerical and theoretical investigations, the precise nature of spatial
structures in nonequilibrium systems lacks a good theoretical understanding [7, 95,
143, 144].

It is well known that out-of-equilibrium systems exhibit power-law correlations
when translational symmetry is broken − such as in boundary-driven [11, 54, 138,
145, 146] or disordered systems [147] − or when rotational symmetry is absent [148,
149]. However, whether such systems can have scale-invariant spatial structures
when all underlying (lattice) symmetries are preserved remains an open issue [150].
If scale invariance indeed emerges under these symmetries, an important question
arises: What classes of nonequilibrium systems are capable of generating such spatial
structures? A good theoretical understanding of this issue is still lacking. Perhaps
not surprisingly, the fact that, in higher dimensions, a wide class of conserved-mass
transport processes, e.g., those studied in Refs. [13, 19, 43, 105], possess “generic
scale invariance” in the presence of all symmetries of the lattice and even far from
a phase transition (critical) point is hitherto unknown (presumably due in part to

This chapter is based on the paper, Generic power laws in higher-dimensional lat-
tice models with multidirectional hopping, Animesh Hazra, Tanmoy Chakraborty, Anirban
Mukherjee and Punyabrata Pradhan (accepted in Phys. Rev. E; arXiv.2503.18365)
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the weak strength of the power-law correlations). Indeed, the latter scenario − the
appearance of power laws far from the “critical point” − does not quite conform to
the conventional understanding of critical phenomena, where criticality is achieved
at a particular point in the parameter space. This issue is also intriguingly connected
to the idea of self-organized criticality (SOC) proposed by Bak, Tang, andWiesenfeld
(BTW) [11] as an explanation for the scale-invariant structures abundant in nature.

More specifically, consider, e.g., the Ising model, a paradigm for equilibrium sys-
tems with short-ranged interactions, where correlations decay algebraically only at
the critical point and short-ranged elsewhere. Usually, in isotropic systems far from
criticality, the correlation function C(r) for densities at two spatially points sepa-
rated by position vector r ≡ {rα} on a d−dimensional space, with α = 1, 2, . . . , d,
is short-ranged. Consequently, in the thermodynamic limit, the static structure fac-
tor S(q) − Fourier transform of C(r) − as a function of wave-vector q ≡ {qα} is
analytic and, in the leading order of small q = |q| → 0, S(q) ≃ S0(ρ̄) − S1(ρ̄)|q|2;
here, the two coefficients S0(ρ̄) and S1(ρ̄) depend on global density ρ̄ =M/Ld with
M being total mass (conserved) in the system. Taking a cue from equilibrium, the
prevalent view even in nonequilibrium is that “ ... as for the Ising model, SOC
typically exists at a critical point in the relevant parameter space.” (see page 1 in
Ref. [38]). That is, closed and isotropic systems such as conserved sandpiles [36,
38], are scale-invariant only at the (absorbing) phase transition point, and likely
have a finite correlation length otherwise. We, however, argue that, unlike in equi-
librium, this particular scenario is atypical, and scale invariance is rather generic in
nonequilibrium, even in the presence of the lattice rotation and translation symme-
tries. We characterize a class of lattice models by identifying an interesting feature
common to such rotation-symmetric systems − namely, a specific kind of dynamics
referred to as multidirectional hopping − which plays a central role in generating
the scale-invariant behavior.

In this paper, we show that higher-dimensional lattice models with mass-conserving
and multidirectional hopping have power-law correlations, quite contrary to the
expectations, for generic parameter values and even far from (above) “critical”
(absorbing-phase transition) point, if any. We substantiate our assertion in (i) con-
served mass chipping models (MCMs) − generalized versions of random average
processes − involving fragmentation, diffusion, and aggregation of masses [13, 14,
19, 20, 86] and (ii) conserved sandpiles [36, 38, 43, 45, 105, 113, 119, 140, 151] −
the paradigm for systems undergoing absorbing-phase transition from active to ab-
sorbing phase below a critical density. These models typically have multidirectional
hopping, where multiple fragments of mass (multiple particles) at a lattice site hop
out simultaneously in several directions with certain rate and thus violate detailed
balance. They have been extensively studied in the past, but, to our knowledge,
have never been reported to have scale invariance far from a phase transition point.

In this chapter, using both hydrodynamic and microscopic theories, we show that,
on a periodic hypercubic lattice in dimensions d > 1, steady-state static density-
density and “activity”-density correlation functions in these systems decay, in the
thermodynamic limit and at large distance r = |r|, as a power law ∼ 1/rη with
exponent η = d + 2; in threshold-activated systems like sandpiles, local “activity”
at a site indicates whether there can be toppling of “grains” or particles (“active”)
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or not (“inactive”) [11]. The strength of the power law is calculated exactly for sev-
eral models and expressed in terms of the bulk-diffusion coefficient and the Onsager
matrix (or, the mobility tensor). Strikingly, in models having axial bidirectional hop-
ping of masses, the scaled “activity”-density and density-density (two-point) static
correlation functions (connected), CAm

r = ⟨A(0)m(r)⟩c and Cmm
r = ⟨m(0)m(r)⟩c,

respectively, have a generic asymptotic form [see Eq. (4.2)]; in two dimensions, we
have, for r = (x, 0) with x large,

2

(γ1 − γ2)
CAm
x,0 =

2D

(γ1 − γ2)
Cmm
x,0 ≃

6

πx4
, (4.1)

where D is the bulk-diffusion coefficient and the coefficients γ’s are related to the
Onsager matrix [see Eqs. (4.7) and (4.8), and Fig. (4.6)].

To demonstrate our arguments, the systems we investigate here are arguably the
simplest in the class: They are described by continuous-time Markov processes with
nearest-neighbor hopping, and are closed (mass-conserving), diffusive (reflection-
symmetric hopping), spatially homogeneous (translation-invariant) and “isotropic”
(lattice-rotation-symmetric); of course, they have no net mass current in the steady
state. Most crucially, though, they possess multidirectional hopping, which, we
demonstrate, leads to nonanalyticity in the static structure factor. In other words,
under certain symmetry conditions as observed for lattice models on a periodic
domain, the emergence of power laws in higher dimensions depends on the violation
of detailed balance and the presence of multidirectional hopping. Indeed, for such
systems, we find that the static structure factor for small wave vector q = {qα} on
a d-dimensional hypercubic lattice has a generic form,

S(q) ≃ S0(ρ̄)− S1(ρ̄)|q|2 + S2(ρ̄)

∑d
α=1 q

4
α

|q|2
, (4.2)

where S2(ρ̄) is another density-dependent coefficient. The structure factor and the
correlation functions are “isotropic” in the sense that they still have the rotational
symmetry of the lattice. However, the higher-order derivatives of the third term in
the rhs of Eq. (4.2) (corresponding to the prefactor S2) are nonanalytic, and results
in power-law density correlations C(r) ∼

∫
ddqS(q)e−iq.r ∼ 1/rd+2 for large r.

The rest of the chapter is organized as follows. In Sec. 4.2, we present a hy-
drodynamic theory applicable to isotropic diffusive systems in general. In Sec. 4.3,
we define several nearest-neighbor mass transport models considered in this study.
In Sec. 4.4, to substantiate the hydrodynamic theory, we provide microscopic cal-
culations for variants of MCMs and threshold-activated systems like sandpiles and
density correlation for these models in 4.4.3. Finally, in Sec. 4.5, we summarize
with some concluding remarks.

4.2 Hydrodynamic theory

To physically understand the dynamical origin of the nonanalyticity of the static
structure factor, let us simply begin by formulating a linearized hydrodynamic theory
of a closed diffusive system on a periodic domain, albeit out of equilibrium due
to violation of detailed balance in (microscopic) configuration space. To proceed
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further, let us define a coarse-grained (fluctuating) density m(r, t) at position r and
time t. The density fluctuation δm(r, t) = m(r, t)− ρ̄ around a homogeneous state
with global density ρ̄ = ⟨m(r, t → ∞)⟩ = M/Ld, satisfy a (discrete) continuity
equation due to mass conservation,

∂tδm(r, t) = −∇.
[
j(d)(r, t) + j(fl)(r, t)

]
, (4.3)

where∇ denotes (discrete) gradient and the local instantaneous current j = j(d)+j(fl)

in the rhs is decomposed into two parts, with j(d) and j(fl) being called diffusive and
fluctuating (“noise”) currents, respectively. The diffusive current has the following
form,

j(d)(r, t) = −∇A[m(r, t)], (4.4)

where A[m(.)] is a coarse-grained fluctuating observable, a generalized “activity”,
which is typically a fast (nonconserved) variable and, in the hydrodynamic frame-
work, can be considered “slave” to the local (conserved and slowly varying) density
field m(r, t) [41]; for explicit form of the model-specific quantity A, see microscopic
calculations presented in Secs. 4.4.2. Now, considering small fluctuations δm ≪ ρ̄
and performing a small-gradient expansion, the diffusive current j(d)(r, t) in Eq.
(4.4) is written as the gradient (discrete on a lattice) of the density field m(r, t),

j(d)(r, t) ≃ −D(ρ̄)∇m(r, t), (4.5)

where we define the bulk-diffusion coefficient D(ρ̄) = d⟨A⟩/dρ̄. In the hydrodynamic
framework, the bulk-diffusion coefficient, in principle, depends on local density. But,
here it is simply treated as a constant D(ρ̄) with ρ̄ being the global density around
which the small fluctuations are considered, thus justifying the linearized hydrody-
namics discussed below. The fluctuating current has the properties ⟨j(fl)α (r, t)⟩ = 0,
and its strength can be written as

⟨j(fl)α (r, t)j
(fl)
β (r′, t′)⟩ = Γαβ(r′ − r, ρ̄)δ(t− t′). (4.6)

Here, the Onsager transport-coefficient matrix Γ ≡ {Γαβ(r′ − r, ρ̄)} represents the
strength of the fluctuating current along any two directions α and β; the elements of
the Onsager matrix are nonzero in general and depend on density and other model-
specific parameters. From microscopic calculations for models considered here, we
can analytically calculate the Onsager transport coefficients and thus obtain the
strength of the fluctuating (“noise”) current correlation along the same direction α,

Γααq (ρ̄) = γ0(ρ̄) + γ1(ρ̄)λ(qα), (4.7)

and that along two orthogonal directions α ̸= β,

Γαβq (ρ̄) = γ2(ρ̄)(1− eiqα)(1− e−iqβ), (4.8)

where λ(qα) = 2(1 − cos qα). Here we have introduced a set of density-dependent
coefficients γ0, γ1 and γ2. As we show later, for unidirectional mass transfer (or, 1-
particle transfer along a randomly chosen direction), the fluctuating currents along
two orthogonal directions are uncorrelated, and we have the following form of Γαβ =
γ0(ρ̄)δα,βδ(r − r′). However, this particular (delta-correlated) form of Γαβ(r − r′)
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is not valid for multidirectional hopping, where cross-correlations between currents
along two orthogonal directions also generally appear and moreover Γαβ has now
finite spatial correlations.

We note that, in principle, the hydrodynamic equation (4.3) involves nonlinear
terms, which arise from the density-dependence of the bulk diffusion coefficient D
and Onsager matrix Γαβ − related to the noise strength − thus making the noise
multiplicative. Indeed, for the specific models studied here, the density-dependence
of the relevant transport coefficients appearing in the hydrodynamics are later cal-
culated using a microscopic dynamical approach. Nevertheless, it is still quite in-
structive to follow the linearized hydrodynamic theory, which, though approximate,
captures the structure factor, and thus the correlation function, remarkably well.

By taking Fourier transform of both sides of Eq. (4.3) and using Eq. (4.5), we
obtain

δm(q, t) =
∑
α

∫ t

0

dt′e−Dω(q)(t−t
′)(eiqα − 1)j(fl)α (q, t′), (4.9)

where δm(q, t) =
∑

r δm(r, t)eiq·r and ω(q) =
∑

α λ(qα) are the Fourier trans-
forms of excess density δm(r, t) and eigenvalue of the (discrete) Laplacian opera-
tor, respectively. Equation (4.9) leads to the dynamic structure factor S(q, t) =
L−d⟨|δm(q, t)|2⟩,

S(q, t) =
∑
α,β

(
1− e−2Dω(q)t

)(1− e−iqα)(1− eiqβ)Γαβq
2Dω(q)

, (4.10)

and the static structure factor (by taking t→∞),

S(q) =
1

2Dω(q)

∑
α,β

(1− e−iqα)(1− eiqβ)Γαβq ≡
B(q)

2Dω(q)
, (4.11)

where we construct a scalar quantity out of the Onsager matrix,

B(q) =
∑
α,β

(1− e−iqα)(1− eiqβ)Γαβq . (4.12)

Now, using Eqs. (4.7) and (4.8), we explicitly obtain

B(q) = ω(q)

[
γ0 + γ2

∑
α

λ(qα) + (γ1 − γ2)
∑

α λ
2(qα)∑

α λ(qα)

]
(4.13)

as a function of q. Indeed, later we resort to a microscopic approach and derive
the above expressions for B(q) and S(q, t) for all models (MCMs and sandpiles)
considered in this chapter. Now, by comparing Eq. (4.2) to Eq. (4.13), one can see
that the structure factor can be written in the leading order of small q as given in
Eq. (4.2), and thus we immediately obtain,

S0(ρ̄) =
γ0
2D

, (4.14)

S1(ρ̄) = −
γ2
2D

, (4.15)

S2(ρ̄) =
(γ1 − γ2)

2D
, (4.16)
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in terms of the transport coefficients D and γ’s (density-dependent in general). The
above equations (4.11)-(4.16) constitute the main results of this chapter. In fact,
the coefficients D and γ’s can be calculated exactly for MCMs and in terms of the
activity for sandpiles (see Table 4.1).

Importantly, we can now see that the third term (i.e., its higher-order derivatives)
in Eq. (4.2), corresponding to the coefficient S2, is nonanalytic. Also, from Eq.
(4.13), we find that the case with γ1 ̸= γ2 corresponds to nonzero coefficient S2 ̸= 0 in
Eq. (4.2) and thus to correlations that exhibit a power-law behavior; otherwise, S2 =
0 and the correlations are short-ranged. Furthermore, Eq. (4.11) could be thought
of as a modified fluctuation-dissipation relation, connecting the structure factor,
density relaxation and current fluctuation in these out-of-equilibrium systems.

4.3 Models

To derive hydrodynamics discussed in the previous section, we consider a broad class
of microscopic models, with and without detailed balance, on a periodic d−dimensional
hypercubic lattice of volume Ld. Notably, the systems have mass-conserving dynam-
ics with symmetric hopping, which results in diffusive relaxations at large spatio-
temporal scales. We consider both unidirectional and multidirectional hopping;
also, some of the models we consider have an additional center-of-mass conservation
(CoMC), i.e., where both mass and center of mass (CoM) are conserved. The models
evolve through a continuous-time stochastic Markov dynamics as described below.

For simplicity, we define the models (and later present the simulation results) in
two dimensions; generalization to higher dimensions is straightforward.

4.3.1 Unidirectional (one-particle) hopping

In this class of models, a single particle hops from a site (i, j) with rate u(i, j),
which depends on the amount of mass at that site. The particle is then attempted
to get transferred to one of its nearest neighbors with equal probability (1/2d on
a d-dimensional square lattice); the move is accepted depending on the presence of
hardcore constraint. For example, in symmetric simple exclusion process (SSEP)
having hardcore exclusion [142], the hop rate is given by u(i, j) = m(i, j), with the
occupation variablem(i, j) ∈ {0, 1} taking value 1 (occupied) or 0 (vacant), provided
the destination site is vacant; otherwise, u(i, j) = 0. On the other hand, in the zero-
range processes (ZRPs) having unbounded occupation (no hardcore constraint) [61],
one can have the hop rate, u(i, j) = 1+ b/m(i, j), where mass m(i, j) ∈ {0, 1, 2, . . .}
can take any nonnegative integer value, and b ≥ 0 is a model parameter.

4.3.2 Multidirectional (multi-particle) hopping

Mass chipping models (MCMs)

Another class of conserved-mass transport processes [13, 34] we consider here involve
fragmentation, diffusion, and coalescence of masses, with total mass in the system
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ζ̃m(i, j)ξ−ξ+y

ζ̃m(i, j)ξ−ξ−y

ζ̃m(i, j)ξ+ξ+xζ̃m(i, j)ξ+ξ−x

(a) MCM I

ζ̃m(i, j)ξ+

ζ̃m(i, j)ξ−

(b) MCM II

Figure 4.1: Schematic representation of dynamical update rules in mass transport
processes in two-dimensional space for two variants: (a) MCM I and (b) MCM II.
The arrows indicate the direction of mass transfer from the central site (i, j) to
its neighbors, with color-coded expressions representing the corresponding fractions
of masses transferred during the particular update. Panel (a): In MCM I, mass
is distributed simultaneously to all four nearest neighbors along both x− and y−
axes. Panel (b): On the other hand, in MCM II, mass is transferred to only two
neighboring sites along either horizontal (solid line) or vertical (dotted line) axis,
with equal probability. For other variants (not shown here), when center of mass
(CoM) is conserved, the two chunks of masses transferred from site (i, j), in +ve
and −ve directions along a particular axis, are the same; the respective variants are
referred to as MCM-CoMC I and MCM-CoMC II.

being conserved. These models are variants of random average processes [16, 19, 20],
which belong to the generalized Kipnis-Marchioro-Presutti (KMP) class of models
[15, 22, 57, 117, 118], and have been intensively studied in the literature over the
past decades. In these systems, a site (i, j) is updated with unit rate as following.
The site retains a constant fraction ζ of its mass m(i, j) ≥ 0, while the remaining
mass is randomly fragmented and redistributed among its neighbors. To proceed
further, let us first define a parameter ζ̃ = 1 − ζ (a constant, model parameter)
and the random variables ξ+ ∈ (0, 1) and ξ− = (1− ξ+), where ξ+ is drawn from a
uniform distribution (for simplicity), with mean µ1 and second moment µ2; similarly,
we also define random variables ξ+x and ξ−x = (1 − ξ+x ), and ξ+y and ξ−y = (1 − ξ+y ),
where ξ+x and ξ+y are i.i.d and uniformly distributed in unit interval.

In the first variant of MCM, which we refer to as MCM I, the remaining mass is
fragmented into four random parts, ζ̃m(i, j)ξ+ξ+x , ζ̃m(i, j)ξ+ξ−x , ζ̃m(i, j)ξ−ξ+y and

ζ̃m(i, j)ξ−ξ−y and coalesces to four nearest neighbors (i + 1, j), (i − 1, j), (i, j + 1)
and (i, j−1), respectively (see Fig. 4.1(a)). In second variant of MCM, refered to as
MCM II, the chipped-off mass is randomly fragmented into two parts, ζ̃m(i, j)ξ+ and
ζ̃m(i, j)ξ−, and then coalesces with either the nearest neighbors in the x−direction,
(i + 1, j) and (i − 1, j), or with the nearest neighbors in the y−direction, (i, j +
1) and (i, j − 1), respectively with equal probability. The mass-transfer rules are
schematically presented in Fig. 4.1. Later, we show that both MCM I and II have
power-law correlations.
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Further, to explore the role of conservation laws, one can think of a variant
of MCM I, which, in addition to mass conservation, can now have a center-of-
mass conservation (CoMC). In that case, a random fraction of the mass is retained
ξm(i, j), and the remaining fraction is split into four equal parts (thus imposing CoM
conservation on the microscopic dynamics), each of which is then redistributed to
each of the four nearest-neighbor sites; we call this CoM-conserving variant asMCM-
CoMC I. In another variant of MCM II with CoMC, simply called MCM-CoMC
II, the chipped-off mass is divided into two equal parts, which are transferred in
the opposite directions along either x−direction or y−direction, chosen with equal
probability. Interestingly, while MCM-CoMC I has short-ranged correlations, MCM-
CoMC II has power-law correlations.

Sandpile models

Here, we consider two variants of conserved (“fixed-energy”) stochastic sandpiles −
the Oslo [18] and Manna [12] models, which have been extensively studied in the
literature. For simplicity, in the present chapter, we study two particular variants of
the conserved sandpiles with center-of-mass conservation (CoMC) − the Oslo [43]
and Manna [40] models with CoMC; generalization to other particle transfer rules
(say, that without CoMC [12, 140] or having continuous mass variables [119]) is
not difficult. In the Oslo model [43], an active site with mass m(i, j) ≥ m⋆(i, j)
greater than or equal to a threshold value topples with unit rate: Two particles
simultaneously hop out, with one particle transferred to one its nearest neighbors
along a randomly chosen axis, either (i ± 1, j) or (i, j ± 1), i.e., axial transfer in
opposite directions. Here, the threshold m⋆(i, j) is a random variable that takes
value 2 or 3; after each toppling, m⋆(i, j) is reset randomly. The difference between
the Oslo model and the Manna model with CoMC [40] is that, in the latter model,
m⋆(i, j) = 2 is fixed, but, in the Oslo model, m⋆(i, j) ∈ [2, 3] is chosen randomly
during a toppling event. As discussed later, both the Oslo and Manna models with
CoMC have power-law correlations.

Notably, unlike the models studied in Refs. [147, 149, 152, 153], hopping rates in
the models considered in this work satisfy all symmetries of the lattice. However,
unlike the equilibrium models such as the SSEP and ZRPs, the MCMs and sandpile
models do not possess time-reversal symmetry, meaning they lack detailed balance
in the configuration space. Nevertheless, because the hopping rates in the models
are “isotropic”, there is no biasing in any direction and, therefore, the systems have
no mass current in the real space. The violation of detailed balance arises because,
in MCMs and sandpiles, when multiple particles or chunks of mass simultaneously
hop out from a lattice site to several neighboring sites (a forward transition), there
is, by definition, no corresponding reverse transition. Therefore, the multidirec-
tional hopping implies that the Kolmogorov criterion − a necessary and sufficient
condition for detailed balance to hold − is not satisfied in these processes [80, 154].
Consequently, unlike in equilibrium systems, which have detailed balance, there can
now be a steady-state probability current in the configuration space, thus driving
the systems out of equilibrium. However, large-scale relaxation dynamics (above the
absorbing-phase transition point in sandpiles) still remain diffusive. In fact, one can
derive and verify an exact diffusion equation (nonlinear in general) that governs the
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time evolution of the density field in such models [41, 56, 103].

4.4 Characterization of fluctuations: AMicroscopic

Approach

4.4.1 Current fluctuations and derivation of hydrodynamics

In this section, we substantiate the hydrodynamic theory as presented in Sec. 4.2
by deriving the hydrodynamics from microscopic dynamical calculations. To this
end, we define time-integrated (cumulative) bond current Qα(r, T ), along direction
α, as the net mass flux along the bond between lattice sites r and r+ êα over a time
interval T , where êα is unit vector along +α direction. More specifically, consider
two mass-transfer events during time interval T where amount of masses δm+ and
δm− are transferred from site r to r + êα and from site r + êα to r, respectively.
Then the cumulative bond current increases by Qα(r, T )→ Qα(r, T )+ δm+− δm−.
Accordingly, instantaneous bond current, jα(r, t), represents the net mass flow per
unit time at position r and time t. That is, the time-integrated bond current up to
time t along a given direction α can be written as

Qα(r, t) =
∫ t

0

dt′jα(r, t
′), (4.17)

where jα(r, t) is the instantaneous current. Now the local bond current jα(r, t) can
be decomposed into two parts − diffusive (slow or hydrodynamic) and fluctuating
(fast or “noise”) components,

jα(r, t) = j(d)α (r, t) + j(fl)α (r, t), (4.18)

such that ⟨jα(r, t)⟩ = ⟨j(d)α (r, t)⟩ and therefore ⟨j(fl)α ⟩ = 0. The first term corresponds

to the diffusive current j
(d)
α (r, t), while the second term represents the fluctuating

current j
(fl)
α (r, t) along direction α.

For diffusive systems (as considered in this work), the first and second moments
of the (time-integrated) bond current are related to the two transport coefficients
(density-dependent in general), called the bulk-diffusion coefficient D and the mo-
bility tensor or the Onsager matrix Γαβ [54, 67]. These transport coefficients can,
in general, be a tensor quantity, but, for the models considered here, only the latter
one is a tensor, while the former one (D) is a scalar due to isotropy (lattice-rotation
symmetry). More specifically, as shown later using microscopic calculations, the
average bond current can be written as a gradient of local mass,

d⟨Qα(r, t)⟩
dt

= ⟨j(d)α (r, t)⟩ = −∂⟨A⟩
∂xα

≡ −D(ρ)
∂ρ

∂xα
, (4.19)

where we define a density field ρ(r, t) = ⟨m(r, t)⟩, A(r) is a local observable [called
“genaralized activity” identified later in Eq. (4.55)] and D(ρ) = d⟨A⟩(ρ)/dρ is
the density-dependent bulk-diffusion coefficient. In the last step, we have used
a local-equilibrium property where the observable A is slave to the density field.
To characterize the second moment, or more generally, the two-point correlations

104



of bond current, we calculate unequal-time (t > t′) correlation function for bond
current in different directions α and β through the following time-evolution equation,

d

dt
C

QαQβ
r (t, t′) = C

j
(d)
α Qβ

r (t, t′), (4.20)

where we have defined dynamic correlation as C
QαQβ
r (t, t′) = ⟨Qα(0, t)Qβ(r, t′)⟩c

of two observable Qα and Qβ. To solve the above equation, we need to obtain
equal-time current-current correlation, which satisfies the following equation,

d

dt
C

QαQβ
r (t, t) = C

j
(d)
α Qβ

r (t, t) + C
Qαj

(d)
β

r (t, t) + Γαβr . (4.21)

The first two terms in the rhs of the above equation correspond to an infinitesimal
change of bond current either in α or in β direction, whereas the third term Γαβr
arise from the simultaneous update of current in both (orthogonal) directions α and
β [see Eqs. (4.7) and (4.8)]. Now, using some algebraic manipulations, it can be
shown that the source term in the above equation is directly related to the strength
of the fluctuating current through the Onsager matrix Γαβ as given below:

C
j
(fl)
α j

(fl)
β

r (t, t′) = Γαβ(r)δ(t− t′); (4.22)

see appendix for details. In mass transport processes with nearest-neighbor mass
transfer (see Table 4.1), one can find from the infinitesimal-time update rules for
currents that the strength of fluctuating current along the same direction (say, α),
denoted as Γαα(r), is “positive” at the origin δ(r) and “negative” at the nearest
neighbors r± êα. This leads to the following form in d dimensions,

Γαα(r) = (γ0 + 2γ1)δ(r)− γ1[δ(r+ êα) + δ(r− êα)], (4.23)

which has the lattice-reflection symmetry (r → −r). Note that, for unidirectional
mass transfer (e.g., in the SSEP and ZRPs), we have γ1 = 0; on the other hand, in
models with center-of-mass conservation, we have γ0 = 0. Furthermore, the strength
Γαβ(r) of the fluctuating current along two orthogonal directions α and β is interest-
ingly nonzero if the systems allow multidirectional hopping along orthogonal direc-
tions (e.g., MCM I). Indeed, we can explicitly write down the analytic expressions
for the strength of the cross-correlation functions for fluctuating currents, along two
orthogonal directions α ̸= β in d dimensions as given below:

Γαβ(r) = Γβα(−r) = γ2[δ(r)− δ(r− êα)− δ(r+ êβ) + δ(r− êα + êβ)]. (4.24)

Now, after taking Fourier transform of Eqs. (4.23) and (4.24), we immediately obtain
Eqs. (4.7) and (4.8), respectively. In Fig. 4.2, we have schematically represented the
spatial range of the fluctuating-current strength along the same direction, Γαα(r) [
in panel (a)], as well as along the two perpendicular directions, Γαβ(r) and Γαβ(r)
[in panels (b) and (c)].

Furthermore, we define a “scalar” (density-dependent) mobility χ − constructed
out of the Onsager matrix Γαβ − as the variance of the space-time-integrated fluctu-
ating current, integrated over time interval T and over the entire system of volume
V = Ld. That is, for nearest-neighbor hopping, if δmα amount of mass is trans-
ferred in +α or −α direction, one adds or subtracts +δmα or −δmα, respectively,
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Figure 4.2: MCM I: The spatial range of fluctuating current strength is illustrated
both along the same direction (α = x) (panel (a)) and the perpendicular direction
(α = x and β = y) (panels (b) and (c)) for different nearest-neighbor mass transport
processes of the model in d = 2 considered here. In both panels (a) and (b), the
same color represents the same magnitude and sign: red for positive and green for
negative values.

and then considers the variance of the weighted sum of total mass transferred in a
time interval T . The scaled variance of the weighted sum is related to the mobility
χ through the space-time-integrated currents as

2χ ≡ lim
T→∞,V→∞

1

V Td

〈[∑
α,r

Qα(r, T )

]2〉
= lim

T→∞,V→∞

1

V Td

〈[∑
α,r

Q(fl)
α (r, T )

]2〉
(4.25)

= lim
T→∞,V→∞

1

V Td

〈 ∑
α,β,r,r′

Q(fl)
α (r, T )Q(fl)

β (r′, T )
〉
=

1

d

∑
α,β

∑
r

∫ ∞

−∞
C
j
(fl)
α j

(fl)
β

r (t, 0)dt,

where in the first step we used Qα = Q(d)
α + Q(fl)

α and that the sum over diffusive
(gradient) current

∑
rQ

(d)
α (r, T ) ≡

∫
dt
∑

r j
(d)
α (r, t) =

∫
dt(−

∑
r ∂αA) = 0 over

a periodic domain vanishes. Note that the order of limits (of T and V ) does not
matter if one considers integrated current over the entire system. Using Eq. (4.22)
in the above equation, we can relate the scalar mobility to the spatial correlations
involving mass and activity,

2χ =
1

d

∑
α,β

∑
r

δαβΓ
αβ
r = 2D

∑
r

Cmm
r = 2

∑
r

CAm
r , (4.26)

where, in the first step, we have used an identity, for α ̸= β,∑
r

Γαβr = 0, (4.27)

leading to the scalar mobility expressed in terms of the trace of the Onsager matrix,

2χ =
1

d

∑
α

∑
r

Γααr = γ0. (4.28)

In Fig. 4.3, we verify the above relation Eq. (4.28) by comparing the scaled
variance of space-time-integrated current ⟨[

∑
α,rQα(r, T )]2⟩/(V Td) ≡ 2χ obtained

from simulations (points) and the quantity γ0(ρ̄) obtained from theory (dashed lines;
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Figure 4.3: The scaled variance of space-time-integrated currents,
⟨[
∑

α,rQα(r, T )]2⟩/(V Td) is plotted as a function of global density ρ̄ for MCM I
(blue cross), MCM II (orange star), and centre-of-mass conserving models - Manna
CoMC and Oslo CoMC (green plus). Points are obtained from simulations, and
dotted lines represent γ0(ρ̄) [as in Eq. (4.28); the analytic expressions of γ0(ρ̄) are
given in Table 4.1 for respective models].

see Table 4.1) as a function of global density ρ̄ for three different models. Both
simulations and theory agree with each other quite well.

Fluctuation-dissipation relation.− Interestingly, despite the violation of detailed
balance at the microscopic scale, there exists a nonequilibrium fluctuation-dissipation
(Green-Kubo) relation, analogous to the equilibrium Einstein relation, connect-
ing mass and current fluctuations to density relaxation characterized by the bulk-
diffusion coefficient. To derive the relation, we construct a scalar density-dependent
transport coefficient, or simply the “mobility”, out of the Onsager matrix Γαβ,

χ(ρ̄) ≡ 1

2d

∑
α,β

δαβΓ
αβ
q→0 =

1

2d

∑
α,β

∑
r

Γαβr (4.29)

= D(ρ̄)
∑
r

Cmm
r (ρ̄) = DS(q→ 0),

where, in the second step, we have used the identity Γαβq→0 = 0 for α ̸= β from
Eq. (4.8). In other words, by using Eq. (4.2), we have an exact relationship
χ(ρ̄) = DS0(ρ̄), between the mobility, bulk-diffusion coefficient and scaled mass
fluctuation − an Einstein relation for nonequilibrium models studied here.

4.4.2 Calculation of the Onsager matrix

In this section, we calculate the Onsager matrix Γαβ and express the matrix elements
in terms of the coefficients γ’s as defined in Eq. (4.13). For simplicity, we consider
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below only the models in dimensions d = 2; generalizing the calculations to higher
dimensions can be suitably done.

MCM I in d = 2 dimensions

First we exactly calculate the Onsager matrix for a particular variant of MCMs,
called MCM I, in d = 2 dimensions. For other variants of MCMs and in higher
dimensions, one can proceed along the lines of the calculation scheme provided
below.

In MCM I, a random fraction of the chipped-off mass from a site hops to one of
its nearest neighbors (for details of the model in dimensions d = 2, see Sec. 4.3). We
now verify below that the time-evolution equation for the density field indeed has a
gradient form [54]. To this end, we first write down the time-evolution equation for
local mass m(r, t) using the following microscopic infinitesimal-time update rules,

m(r, t+ dt) =



events prob.

m(r, t)− ζ̃m(r, t) dt

m(r, t) + ζ̃m(r+ êα, t)ξ
+ξ−x dt

m(r, t) + ζ̃m(r− êα, t)ξ+ξ+x dt

m(r, t) + ζ̃m(r+ êβ, t)ξ
+ξ−y dt

m(r, t) + ζ̃m(r− êβ, t)ξ+ξ+y dt

m(r, t) 1− 5dt.

(4.30)

From the above update rules, the time-evolution equation for the average local mass
can be written as

∂tρ(r, t) = D(ζ̃)∇2ρ(r, t), (4.31)

where we denote the density field ρ(r, t) = ⟨m(r, t)⟩, D(ζ̃) = ζ̃/4 is the bulk-diffusion
coefficient and ∇2 is the discrete Laplacian operator in d dimensions. Notably, in
this model (and MCMs in general), the bulk-diffusion coefficient D is independent
of density, but the mobility (or, equivalently, the coefficients γ’s) is proportional to
the square of the density (see the analytic expressions given in Table 4.1).

Time evolution of average bond current.− The infinitesimal-time stochastic up-
date rules for bond current Qα(r, t) along direction α ∈ {x, y} can be written as

Qα(r, t+ dt) =


events prob.

Qα(r, t) + ζ̃m(r, t)ξ+ξ+x dt

Qα(r, t)− ζ̃m(r+ êα, t)ξ
+ξ−x dt

Qα(r, t) 1− 2dt.

(4.32)

Using the above update rule, we get

∂t⟨Qα(r, t)⟩ = Dα(ζ̃)⟨m(r, t)−m(r+ êα, t)⟩ ≡ ⟨j(d)α ⟩, (4.33)

from which one can identify the local diffusive current

j(d)α (r, t) = Dα(ζ̃)[m(r, t)−m(r+ êα, t)], (4.34)
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where Dα(ζ̃) = D(ζ̃) = ζ̃/4 is the bulk-diffusion coefficient, which is the same (i.e.,
isotropic) along any direction α ∈ {x, y}. Note that, for MCM I (and MCMs in
general), we can identify the explicit form of the observable A(r, t) = D(ζ̃)m(r, t),
which enters into the hydrodynamic theory through Eq. (4.4). Next we charac-
terize the fluctuating current by calculating its strength Γαβ as in Eq. (4.21) or,
equivalently, in Eq. (4.22).

Time evolution of equal-time bond-current correlations.− Now we proceed to cal-
culate dynamic bond-current correlations. The infinitesimal-time stochastic update
rules for equal-time bond current can be written as

Qα(r, t+ dt)Qα(0, t+ dt) =

events prob.

[Qα(r, t) + ζ̃m(r, t)ξ+ξ+x ]Qα(0, t) dt

[Qα(r, t)− ζ̃m(r+ êα, t)ξ
+ξ−x ]Qα(0, t) dt

Qα(r, t)[Qα(0, t) + ζ̃m(0, t)ξ−ξ+y ] dt

Qα(r, t)[Qα(0, t)− ζ̃m(êα, t)ξ
−ξ−y ] dt

Qα(r, t)Qα(0, t) + ζ̃2{ξ+ξ+xm(r, t)}2 δ(r)dt

Qα(r, t)Qα(0, t) + ζ̃2{ξ+ξ−xm(êα, t)}2 δ(r)dt

Qα(r, t)Qα(0, t)− (ζ̃ξ+)2ξ+x ξ
−
xm

2(r, t) δ(r− êα)dt
Qα(r, t)Qα(0, t)− (ζ̃ξ+)2ξ+x ξ

−
xm

2(0, t) δ(r+ êα)dt

Qα(r, t)Qα(0, t) 1− Ξdt,

(4.35)

where Ξ = 4 + 2δ(r) + δ(r + êα) + δ(r− êα) is the total exit rate. Using the above
update rules, we obtain the following time-evolution equation for the equal-time
bond current correlation function,

∂tC
QαQα
r (t, t) = 2D(ζ̃)CmQα

r (t, t) + Γαα(r), (4.36)

where CmQα
r (t, t) = ⟨m(0, t)Qα(r, t)⟩c is the equal-time dynamic mass-current cor-

relation function. Here the associated source term is given by

Γαα(r) =
ζ̃2⟨m2⟩
18

[4δ(r)− δ(r− êα)− δ(r+ êα)], (4.37)

which can be shown to be equal to the strength of fluctuating current-current cor-
relation [see Eq. (4.22) and the proof given in the Appendix]. Here, the quantity
⟨m2⟩ is the second moment of the onsite mass, which can be calculated by explicitly
solving the density correlation function [derived later in Eq. (4.65)].

Now, we write the infinitesimal-time stochastic update rule for bond-current cor-
relations along two orthogonal directions α and β as
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Qα(r, t+ dt)Qβ(0, t+ dt) =

events prob.

[Qα(0, t) + ζ̃m(0, t)ξ+ξ+x ]Qβ(r, t) dt

[Qα(0, t)− ζ̃m(êα, t)ξ
+ξ−x ]Qβ(r, t) dt

Qα(0, t)[Qβ(r, t) + ζ̃m(r, t)ξ−ξ+y ] dt

Qα(0, t)[Qβ(r, t)− ζ̃m(r+ êβ, t)ξ
−ξ−y ] dt

Qα(0, t)Qβ(r, t) + ζ̃2ξ+ξ−ξ+x ξ
+
y m

2(0, t) δ(r)dt

Qα(0, t)Qβ(r, t)− ζ̃2ξ+ξ−ξ−x ξ+y m2(êα, t) δ(r− êα)dt
Qα(0, t)Qβ(r, t)− ζ̃2ξ+ξ−ξ+x ξ−y m2(0, t) δ(r+ êβ)dt

Qα(0, t)Qβ(r, t) + ζ̃2ξ+ξ−ξ−x ξ
−
y m

2(êα, t) δ(r− êα + êβ)dt

Qα(0, t)Qβ(r, t) 1− Ξdt,

(4.38)

where total exit rate Ξ = 4+δ(r)+δ(r−êα)+δ(r+êβ)+δ(r−êα+êβ). Using the above
update rules, we immediately obtain the time-evolution equation for time-integrated
bond current correlations,

∂tC
QαQβ
r (t, t) = D[C

mQβ
r (t, t) + CQαm

r (t, t)] + Γαβ(r), (4.39)

where, for α ̸= β, we have

Γαβ(r) =
ζ̃2⟨m2⟩
24

[δ(r)− δ(r− êα)− δ(r+ êβ) + δ(r− êα + êβ)], (4.40)

for MCM I in dimensions d = 2. Now, by comparing Eqs. (4.37) and (4.40) with
Eqs. (4.23) and (4.24), we finally obtain the set of coefficients γ’s as given below:

γ0 = 2γ1 = ⟨m2⟩ ζ̃
2

9
, (4.41)

and

γ2 = ⟨m2⟩ ζ̃
2

24
. (4.42)

As shown later through explicit calculations of the density correlation function, we
indeed have a power-law correlation in MCM I since γ1 ̸= γ2 (see Table 4.1 and Fig.
4.6).

Oslo Model in d = 2 dimensions

In this section, we calculate the Onsager matrix for the two−dimensional version of
the Oslo model [43]. The microscopic infinitesimal-time stochastic update rules for
local mass can be written as

m(r, t+ dt) =



events prob.

m(r, t)− 2 a(r, t)dt

m(r, t) + 1
∑

α a(r+ êα, t)dt/2

m(r, t) + 1
∑

α a(r− êα, t)dt/2
m(r, t) 1− Ξdt,

(4.43)
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where Ξ = a(r, t) +
∑

α

∑
s∈{1,−1} a(r+ sêα, t)/2 and a(r, t) is an indicator function

if the site r is active at time t, i.e., a = 1 if the site is active, otherwise a = 0. Using
the above update rules, we straightforwardly obtain the time-evolution equation for
the first moment of local mass,

∂t⟨m(r, t)⟩ = 1

2
∇2⟨a(r, t)⟩. (4.44)

Here, the rhs of the time-evolution equation is written in terms of the discrete
Laplacian of the local average activity. Now, assuming a local-equilibrium (or, local
steady state) property where, on a large spatio-temporal scale, the local activity is
slave to local density ⟨a(r, t)⟩ = a(ρ(r, t)) [41, 54], we obtain the density evolution
equation,

∂tρ(r, t) =
1

2
∇2a(ρ(r, t)), (4.45)

where we define density field ρ(r, t) = ⟨m(r, t)⟩ and steady-state activity (density of
active sites) ⟨â(r)⟩stρ̄=ρ = a(ρ), and ⟨.⟩stρ̄ denotes steady-state average provided that

the global density is ρ̄. The local diffusive current ⟨j(d)(r, t)⟩ = −(1/2)∇a(ρ(r, t)) =
−D(ρ)∇ρ(r, t) can be immediately identified by casting the above density evolution
equation as a continuity equation, where the bulk-diffusion coefficient is given by
D(ρ) = (1/2)da/dρ, thus justifying diffusive relaxation in Eq. (4.5) used in the
hydrodynamic theory formulated in the previous section.

Next, we proceed to write the infinitesimal-time stochastic update rules for equal-
time spatial (two-point) correlation function involving time-integrated bond current,

Qα(r, t+ dt)Qα(0, t+ dt) =

events prob.

[Qα(r, t) + 1]Qα(0, t) a(r, t)dt
2

[Qα(r, t)− 1]Qα(0, t) a(r+ êα, t)
dt
2

Qα(r, t)[Qα(0, t) + 1] a(0, t)dt
2

Qα(r, t)[Qα(0, t)− 1] a(êα, t)
dt
2

Qα(r, t)Qα(0, t) + 1 a(r, t)δ(r)dt
2

Qα(r, t)Qα(0, t)− 1 a(r, t)δ(r− êα)dt2
Qα(r, t)Qα(0, t) + 1 a(êα, t)δ(r)

dt
2

Qα(r, t)Qα(0, t)− 1 a(êα, t)δ(r+ êα)
dt
2

Qα(r, t)Qα(0, t) 1− Ξdt,

(4.46)

with Ξ is the total exit rate. Using the above update rules, we obtain the following
time-evolution equation for the dynamic current correlation function,

∂tC
QαQα
r (t, t) = 2CAQα

r (t, t) + Γαα(r), (4.47)

where we denote local activity as A ≡ a(r, t)/2 on the right-hand side and write the
strength of the fluctuating current simply as

Γαα(r) =
a(ρ̄)

2
[2δ(r)− δ(r+ êα)− δ(r− êα)]. (4.48)
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From the above equation, we find that

γ0 = γ2 = 0, (4.49)

and

γ1 =
a(ρ̄)

2
. (4.50)

Notably, the fact that the coefficient γ0 = 0 results in hyperuniform density fluc-
tuation is a consequence of the additional center-of-mass conservation in the Oslo
model. Indeed, the dynamical structure of the Manna model with center-of-mass
conservation (CoMC) is quite similar to that of the Oslo model and can be char-
acterized similarly (calculations not presented here); see Table 4.1 for comparison
between the two models. Now, another coefficient γ2 can be calculated from the
infinitesimal-time-update rules for bond-current correlations along the orthogonal
directions α and β as given below:

Qα(0, t+ dt)Qβ(r, t+ dt) =



events prob.

[Qα(0, t) + 1]Qβ(r, t) a(0, t)dt
2

[Qα(0, t)− 1]Qβ(r, t) a(êα, t)
dt
2

Qα(0, t)[Qβ(r, t) + 1] a(r, t)dt
2

Qα(0, t)[Qβ(r, t)− 1] a(r+ êβ, t)
dt
2

Qα(0, t)Qβ(r, t) 1− Ξdt,

(4.51)

with Ξ = [a(0, t) + a(êα, t) + a(r, t) + a(r+ êβ, t)]/2. From the above update rules,
we obtain time evolution of the equal-time current correlation function,

∂tC
QαQβ
r (t, t) = D[C

mQβ
r (t, t) + CQαm

r (t, t)] + Γαβ(r), (4.52)

where, for α ̸= β, we have

Γαβ(r) = 0, (4.53)

implying γ2 = 0 for the Oslo model. Notably, γ1 ̸= 0 is still nonzero and, as a
result, the system exhibits power-law correlations. However, quite interestingly,
the long-wavelength density fluctuations still vanish in the thermodynamic limit:
S0 = γ0/2D = 0 as γ0 = 0. That is, unlike systems at an equilibrium critical point,
the Oslo model in higher dimensions and even above the (absorbing-phase transition)
critical density exhibits hyperuniformity − suppressed density fluctuations − and
long-ranged correlations at the same time.

Comparison of coefficients {γ0, γ1, γ2} in various models

As demonstrated in the previous sections, we can also calculate the Onsager matrix
Γαβq and the quantity B(q) as given in Eq. (4.13) for various other mass-transport
processes directly from the microscopic dynamics. Indeed, as discussed below, for
sandpiles, these coefficients can be expressed in terms of the density-dependent
activity a(ρ̄) − the “order parameter” in the system. In table 4.1, we provide the
expressions of the sets of three coefficients γ’s γ = {γ0, γ1, γ2}, which essentially
encode the information determining whether the mass-mass correlations Cmm

r , or
equivalently activity-mass correlations CAm

r , are power law (PL) or short ranged
(SR).
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Table 4.1: Transport coefficients in d = 2 dimensions.− We provide in this Table
the schematic hop directions and the coefficients γ = {γ0, γ1, γ2}, which parametrize
the Onsager transport coefficients Γαβ (the mobility tensor) for a wide class of
conserved-mass transport processes, both with and without detailed balance, in two
dimensions. We have ⟨A⟩ ≡ a(ρ̄)/2 and ⟨A⟩ ≡ u(ρ̄)/2 − the activity for conserved
sandpiles and the average (mass-dependent) hopping rate in the zero-range pro-
cess (ZRP), respectively; both quantities depend on the global density ρ̄ and other
parameters of the models. Also, we denote “PL” and “SR” as power-law and short-
ranged behavior, respectively, of the respective correlation functions (far from the
absorbing-phase transition point, if any).

Models Hop direction γ0 γ1 γ2

I. SSEP / ZRP
(Case 1: SR)

[→,←, ↑, ↓] ρ̄(1−ρ̄)
2

/
u(ρ̄)
2

0 0

II. MCM I
(Case 3: PL)

[ ] ζ̃2πρ̄2

(9π−ζ̃(5π+2))

γ0
2

3γ0
8

III. MCM II
(Case 3: PL)

[↔, ↕] ζ̃2ρ̄2π

2(3π−ζ̃(π+4))

γ0
2

0

IV. MCM CoMC II[56]
(Case 4: PL)

[↔, ↕] 0 µ1µ2πρ̄2

8(πµ1−2µ2)
0

V. Manna model CoMC[40]
( Case 4: PL)

[↔, ↕] 0 a(ρ)
2

0

VI. Oslo model[43]
(Case 4: PL)

[↔, ↕] 0 a(ρ)
2

0

4.4.3 Mass fluctuations: Calculations of two-point spatial
correlations

In this section, we finally calculate the desired two-point correlation functions in-
volving mass (density) and activity and then directly connect the strength of the
correlation functions to the Onsager transport coefficients Γ alphaβ (or, equivalently,
γ′s). To this end, we begin our discussion in a somewhat general setting, where we
consider a broad class of microscopic models with multidirectional hopping of masses.
For simplicity, here we shall confine ourselves to models with nearest-neighbor hop-
ping of masses (or particles).

During an infinitesimal time interval (t, t+dt), mass at a site r loses some fraction
of the original mass, δm0(r, t), with rate a(r, t) and gains some amount of mass
δmα(r± êα) with rate a(r± êα, t) from a nearest-neighbor site r± êα [e.g., α ∈ (x, y)
for a d = 2 dimensional square lattice] with êα is the unit vector along direction α.
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Then, the time-evolution equation for density can be written as

∂t⟨m(r, t)⟩ = −⟨δm0(r, t)a(r, t)⟩ r +
d∑

α=1

∑
s∈{1,−1}

⟨δmα(r+ sêα, t)a(r+ sêα, t)⟩ ,

(4.54)

where the indicator function a(r, t) = θr(m(r, t) − m⋆) denotes whether the site r
is active. For MCMs, m∗ = 0 and a(r, t) = 1 at all times. For conserved sandpiles,
m∗ is called threshold height and takes nonzero integer value(s), depending on the
details of the models. That is, if m(r) ≥ m∗, a(r, t) = 1, otherwise it is zero.
Provided that a site is updated with unit rate, a(r, t) can essentially be thought
of as the (instantaneous) rate with which mass transfer occurs at site r and time
t. The steady-state average of a(r, t), or a(ρ̄), depends on global density ρ̄, but is
independent of r for translation-invariant systems considered here. Also, e.g., for
MCM II, the following two quantities − mass loss δm0(r, t) from site r and mass
gain δmα(r± êα, t) from site r± êα − are given by ζ̃m(r, t) and ξ∓(r± êα, t)ζ̃m(r±
êα, t), respectively; in conserved sandpiles with 2-particle hopping, the corresponding
particle (mass) loss and gain are given by 2 and 1 for the Manna and Oslo models,
respectively.

Now we define a stochastic variable, called generalized “activity”, as given below:

A(r, t) ≡ 1

2d
δm0(r, t)a(r, t), (4.55)

which is activity a(r, t) weighted by chipped-off mass δm0(r, t). Therefore, we obtain
the time-evolution equation for density field ρ(r, t) = ⟨m(r, t)⟩,

∂tρ(r, t) = ∇2⟨A(r, t)⟩ = −∇⟨j(d)(r, t)⟩, (4.56)

where the local diffusion current can be written in the form of a (discrete) gradient,

jd(r, t) = −∇A(r, t), (4.57)

a “gradient”-property [54, 138] satisfied by the models considered in this chapter.
In Eq. (4.56), we have defined a discrete Laplacian operator as

∇2A(r, t) ≡
d∑

α=1

∑
s∈{1,−1}

A(r+ sêα, t)− 2dA(r, t). (4.58)

Also, as mentioned in Eq. (4.4), Eq. (4.57) is Fick’s law for mass current in the
systems. Note that, on large spatio-temporal scale, we can then define local average
diffusive current ⟨j(d)(r, t)⟩ = −∇⟨A⟩(ρ(r, t)) by invoking a local-equilibrium (local
steady state) property where the average ⟨A⟩ is slave to the density field ρ(r, t) on
large spatio-temporal scale [41, 54].

Now, using the infinitesimal-time update rules similar to those given explicitly in
Eqs. (4.30) and (4.43), the time-evolution equation for equal-time density correlation
function Cmm(r1, r2, t) = ⟨δm(r1, t)δm(r2, t)⟩, with δm(r, t) = m(r, t) − ρ̄, can be
exactly written as

∂tC
mm(r1, r2, t) = ∇2

r1
⟨A(r1, t)m(r2, t)⟩c +∇2

r2
⟨m(r1, t)A(r2, t)⟩c +B(r1, r2).

(4.59)
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Since the correlation functions are dependent on relative position vector r = r2−r1,
we have

∂tC
mm(r, t) = 2∇2CAm(r, t) +B(r), (4.60)

where the quantity B(r) is a model-specific source term and is strictly short-ranged
for models having nearest-neighbor hopping of masses; see Fig. 4.4 for a schematic
representation of B(r) on a two-dimensional square lattice.

Calculation of B(r) for MCMs in d = 2 dimensions

In this section, we derive the results specifically for MCM I in dimensions d = 2.
Using the infinitesimal-time update rules for local mass in MCM I as given in Eq.
(4.30), we obtain the time-evolution equation for the two-point mass-mass spatial
correlation function, which satisfies the following equation,

∂tC
mm(r, t) = 2D(ζ̃)∇2Cmm(r, t) +B(r), (4.61)

where the bulk-diffusion coefficient D(ζ̃) = ζ̃/2 and the source term B(r) can be
explicitly written as

B(r) =
ζ̃2⟨m2⟩
36

[
52δ(r) +

∑
α∈{x,y}
s∈{−1,1}

{2δ(r+ 2sêα)− 18δ(r+ sêα)} (4.62)

+
3

2

∑
α ̸=β

s∈{−1,1}

{δ(r+ sêα + sêβ) + δ(r+ sêα − sêβ)}

]

with the second moment of mass being denoted as ⟨m2⟩ ≡
∫
m2Prob.[m(r) = m]dm.

Note that the range of B(r) for MCM I is shown in panel (d) of Fig. 4.4. In steady-
state, by putting ∂tC

mm(r, t) = 0 and then taking the Fourier transform of Eq.
(4.61), we have steady-state structure factor as

S(q) =
ζ̃⟨m2⟩
36ω(q)

[
8ω(q) + 3ω2(q) +

∑
α

λ2(qα)

]
, (4.63)

where S(q) is the Fourier transform of steady-state density correction function
Cmm(r) ≡ Cmm(r, t → ∞). Integrating the steady-state structure factor, as men-
tioned in Eq. (4.63), over the first Brillouin zone, we obtain:

Cmm(0) ≡ (2π)−2

∫
BZ

S(q)dq = (Cmm(0) + ρ̄2)

×(2π)−2 ζ̃

36

∫
BZ

dq

[
8 + 3ω(q) +

∑
α∈{x,y} λ

2(qα)

ω(q)

]
(4.64)

where we have used ⟨m2⟩ = (Cmm(0) + ρ̄2). After performing some algebraic ma-
nipulations, we do the above integral and obtain the variance of onsite mass as

⟨m2⟩ = 9πρ̄2

9π − ζ̃(5π + 2)
. (4.65)

115



Using above equation in (4.63), we have

B(q) = ζ̃2πρ̄2

8(9π − ζ̃(5π + 2))

[
8ω(q) + 3ω2(q) +

∑
α

λ2(qα)

]
. (4.66)

The above expression is a special case of Eq. (4.13), where the model-dependent
coefficients γ’s are nonzero. It is worth noting that B(q) can also be obtained from
the fluctuating relation

B(q) =
∑
α,β

(1− e−iqα)(1− eiqβ)Γαβq , (4.67)

by knowing the fluctuating current strength Γαβq as mentioned in Eq. (4.11). In
other words, in the real space, the quantities B(r) and Γαβ(r) are related through
derivatives (discrete on a lattice)

B(r) = −
∑
α,β

∂α∂βΓ
αβ(r), (4.68)

can be thought of as a fluctuation relation connecting static and dynamic fluctua-
tions, i.e., mass and current correlations, in the system. Indeed, from the micro-
scopic infinitesimal-time update rules, we can explicitly show that the above relation
holds for other models considered here and is quite generic for diffusive systems with
nearest-neighbor mass transfer; see Table 4.1. Equivalently, using Eqs. (4.23) and
(4.24), one can write down the following general expression for B(r) in d = 2 di-
mensions,

B(r) = (4γ0 + 12γ1 + 8γ2)δ(r) +
∑

α∈{x,y}
s∈{−1,1}

{−(γ0 + 4γ1 + 4γ2)δ(r+ sêα) + γ1δ(r+ 2sêα)}

+ γ2
∑
α ̸=β

s∈{−1,1}

{δ(r+ sêα + sêβ) + δ(r+ sêα − sêβ)},

(4.69)

explicitly in terms of the coefficients γ’s, which depend on global density and other
parameters of the models. The Fourier transform of the above equation is nothing
but the expression of B(r) as given in Eq. (4.2). In Fig. 4.4, we plot the spatial
range of B(r) for different values of γ’s corresponding to various models in d = 2
dimensions (see Table 4.1).

Calculation of B(r) in sandpiles in d = 2 dimensions

Let us first consider the conserved Oslo model in d = 2 dimensions. Using the
infinitesimal-time stochastic update rules for local mass as given in Eq. (4.43), the
time-evolution equation for the two-point mass-mass correlation function can be
written as

∂tC
mm(r, t) = 2CAm(r, t) +B(r), (4.70)
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Figure 4.4: The range of B(r) for various nearest-neighbor mass-transfer rules con-
sidered in d = 2 dimensions in this chapter (see Eq. (4.69)) is analyzed. The
quantity B(r) is strictly localized in the sense that it is nonzero on a finite plaque
but zero otherwise. Panels (a) (e.g., SSEP, ZRP), (b) (e.g., MCM II, Manna CoMC,
Oslo; see Eq. (4.71)), and (d) (e.g., MCM I; see Eq. (4.62)) illustrate the range
of B(r) for different models. In panel (c), mass is transported along two randomly
chosen perpendicular directions. The same color in each panel represents the same
magnitude and sign, as the lattice reflection symmetry B(r) = B(−r) holds for the
models discussed here.

where the source term is given by

B(r) =
a(ρ̄)

2

[
12δ(r) +

∑
α∈{x,y}
s∈{−1,1}

{δ(r+ 2sêα)− 4δ(r+ sêα)}
]
. (4.71)

Here, the quantity a(ρ̄) is the steady-state activity, which is a function of global
density ρ̄. Notably, for the Manna model with center-of-mass conservation [40],
the equation for B(r) has exactly the same structure, with a(ρ̄) being the density-
dependent activity in the respective system. Also, it is not difficult to show that the
relationship between B(r) and Γαβ(r) remains the same as given in Eq. (4.68).

Correlation functions in d dimensions

In this section, we derive the correlation functions in arbitrary spatial dimensions
d > 1, find the large-distance asymptotics, and then verify the results by simulations
in dimensions d = 2.

Irrespective of the specific details of the models considered in this work, we can
write down the equations for static spatial correlation function involving density
(mass) and local activity. By using Eqs. (4.4) and (4.5) and then taking inverse
Fourier transform of Eq. (4.11), we find that the static two-point density-density
and activity-density correlation functions, Cmm(r) = ⟨δm(0)δm(r)⟩ and CAm(r) =
⟨δA(0)δm(r)⟩, respectively, in the real space satisfy a Poisson equation,

2∇2CAm(r) +B(r) = 0, (4.72)

2D∇2Cmm(r) +B(r) = 0, (4.73)

where B(r), the inverse Fourier transform of B(q), can be thought of as a charge
distribution in an electrostatic problem. Also, from mass conservation and rota-
tion symmetry, we have

∫
B(r)dr = 0 and

∫
rB(r)dr = 0 (analogous to quadrupole
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charge distribution). Note that the Eq. (4.72) involving activity-density correlation
is exact for both MCMs and sandpiles (in active phase). The second equation (4.73)
is exact for MCMs. For sandpiles, to arrive at Eq. (4.73), we have used an approx-
imation ∇CAm(r) = ⟨∇δA(r)δm(0)⟩ ≃ D(ρ̄)⟨∇δm(r)δm(0)⟩ = D(ρ̄)∇Cmm(r).
Here, we have essentially assumed that, on large spatio-temporal (hydrodynamic)
scales, activity A(r) = A[m(r)] is slave to the local density field m(r) [41].

We remark here that, for MCMs, both equations are exact and essentially encode
the same information. Also, in all models considered here, the fluctuating-current
correlation function Γαβ(r) has been calculated exactly from the infinitesimal-time
microscopic dynamics of currents and masses at two different space points with spa-
tial separation r = |r|. As shown through the explicit microscopic calculations in the
previous sections, the source term B(r) appearing in Eqs. (4.72) and (4.73) is indeed
directly related to the Onsager transport coefficients Γαβ(r) through a fluctuation-
response relation given in Eq. (4.68). It is worth mentioning that, although the
quadrupole moments (diagonal part) of B(r) are nonzero in these models, they are
all equal due to the isotropic nature of the systems. Consequently, the large-distance
1/r(d+2) power-law behavior we observe are generated by the higher-order (octupole)
moments of B(r), not the quadrupole ones, which are known to govern the 1/rd al-
gebraic decay of the two-point density correlation function in anisotropic models
[149].

Now, taking Fourier transform of Eqs. (4.72) and (4.73), we explicitly obtain the
density-density and activity-density correlation function, in terms of density and all
other parameters,

CAm(r) =
1

(2π)d

∫
BZ

ddqe−iq·r B(q)
2ω(q)

, (4.74a)

Cmm(r) =
1

(2π)d

∫
BZ

ddqe−iq·r B(q)
2Dω(q)

, (4.74b)

where we have essentially performed the inverse Fourier transform of the structure
factor S(q), by taking the thermodynamic limit (L → ∞) and performing the q-
integration over the first Brillouin zone (BZ). Using the general expression of B(q)
from Eq.(4.13) in Eq.(4.74), we obtain the correlation function in real space,

CAm(r) = DCmm(r) =
γ0 + 2dγ2

2
δ(r)− γ2

d∑
α=1

∑
s∈[−1,1]

δ(r+ sêα) +
γ1 − γ2

2
CLR(r).

(4.75)

Here, the first two terms in the rhs of the above equation refer to the short-ranged
spatial correlations; the last term contains the power-law decay, which can be ex-
pressed as,

CLR(r) =
1

(2π)d

∫
BZ

dq

∑
α λ

2(qα)∑
α λ(qα)

e−iq·r (4.76)

where λ(qα) = 2(1− cos qα) is the eigenvalue of the Laplacian operator in the lattice
along α direction, and the Brillouin zone is [−π, π]d. We now express the numerator
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∑
α λ

2(qα) as the Fourier transform of a real-space kernel:∑
α

λ2(qα) =
∑
r′

K(r′)eiq·r
′
, (4.77)

where K(r′) can be explicitly written as

K(r′) = 6dδ(r′)− 4
d∑

α=1

[δ(r′ + êα) + δ(r′ − êα)]

+
d∑

α=1

[δ(r′ + 2êα) + δ(r′ − 2êα)]. (4.78)

Using (4.77) in (4.76), we have

CLR(r) =
∑
r′

K(r′)G(r− r′) ≃
d∑

α=1

∂4

∂x4α
G(r), (4.79)

where G(r) is the lattice Green’s function,

G(r) =
∫
BZ

ddq

(2π)d
1∑

α λ(qα)
e−iq·r. (4.80)

After some algebraic manipulation, the above equation can be expressed in the
following form,

G(r) =
∫ ∞

0

dte−2tdΠαIxα(2t), (4.81)

where we have used the identity 1/A =
∫∞
0
e−Atdt with A =

∑
α λ(qα) and have

defined

Ixα(2t) =
1

2π

∫ π

−π
dqαe

2t cos qαeiqαxα , (4.82)

the modified Bessel function of the first kind [155].

Large-Distance Behavior.− For distance large, the asymptotic behavior of the above
integral in Eq.(4.82) is governed by the small q behavior of the integrand and the
corresponding asymptotics can be evaluated as follows. By using the approximation
cos qα ≃ (1− q2α/2) for small qα, Eq. (4.82) has following asymptotic form for large
xα ≫ 1,

Ixα(2t) ≃
e2t

2π

∫ ∞

−∞
dqαe

−tq2αe−iqαxα =
e2t√
4πt

e−x
2
α/4t, (4.83)

which can then be substituted in Eq. (4.81) to obtain the following equation,

G(r) ≃ 1

(4π)d/2

∫ ∞

0

dte−r
2/4tt−d/2. (4.84)
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By substituting the above equation in Eq.(4.79), we find that, in higher dimensions
d ≥ 2, the long-range part of the correlation function can be expressed as:

CLR(r) ≃
∑
α

∂4

∂x4α
G(r)

≃ 1

(4π)d/2

∫ ∞

0

dte−r
2/4t (

∑
α x

2
α + 12dt2 − 12r2t)

16t4+d/2
(4.85)

=
1

Ωd

d(d+ 2)(d+ 4)
∑

α x
4
α − 3d(d+ 4)r4

rd+6
, (4.86)

where Ωd = 2πd/2/Γ(d/2) is the solid angle in d dimensions. For r ≫ 1 being large,
we have CLR(r) ∼ 1/rd+2; the algebraic decay is valid for d > 1, as seen in the
above equation. Putting d = 2 and performing some algebraic manipulations, the
above equation leads to the following expression of the long-ranged correlation in
two dimensions,

CLR(x, y) =
6 (x4 − 6x2y2 + y4)

π (x2 + y2)4
. (4.87)

Thus, in the case of a two-dimensional system, the scaled correlation functions are
given by

2

(γ1 − γ2)
CAm
x,0 =

2D

(γ1 − γ2)
Cmm
x,0 ≃

6

πx4
, (4.88)

in the limit of distance (1≪ |r| ≪ L) being large. However, in a finite system, the
power law is essentially cut-off at very large |r| with |r|/L being finite, and there
are finite-size corrections of O(1/Ld) to the correlation functions.

Classification of models.− Indeed, based on the calculations of various transport
coefficients γ’s in the previous sections and their relationship to the coefficients S0,
S1 and S2 appearing in the structure factor in the small−q limit, one can categorize
various possible scenarios as given below. To this end, we consider a broad class of
models intensively studied in the past several decades:

(i) Symmetric simple exclusion processes (SSEPs) [142] − a single particle hops
to a randomly chosen nearest-neighbor site if the site is vacant;

(ii) zero range processes (ZRPs) [61] − a single particle hops to a randomly chosen
nearest-neighbor site;

(iii) mass chipping models (MCMs) [13, 14, 19, 20] − random fractions of (con-
tinuous) mass at a site hop to randomly chosen nearest-neighbor sites;

(iv) conserved sandpiles [12, 43] − two (or more) particles from an active site hop
to randomly chosen nearest-neighbor sites.

Categories (ii), (iii) and (iv) have no hardcore constraint. Also, only the cate-
gories (iii) and (iv) have multidirectional hopping of masses, i.e., at each elementary
(infinitesimal) time step, mass from the departure site gets redistributed to at least
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Figure 4.5: In Panels (a)-(c) and (d)-(f), the quantity B(q) and scaled structure
factor 2DS(q), respectively, as defined in Eq. (4.11), are plotted for three represen-
tative sets of the Onsager transport coefficients (equivalently, the mobility tensor)
γ’s as defined in Eqs. (4.7) and (4.8). Panels (a) and (d) are for SSEP- or ZRP-like
systems (delta-correlated) where γ0 ̸= 0 and γ1 = γ2 = 0. Panels (b) and (e) rep-
resent the cases where γ0 = 0 and γ1 = γ2 ̸= 0; these systems exhibit short-ranged
C(r). Panels (c) and (f) illustrate the cases where γ0 = 0 and γ1 > γ2 = 0; these
systems exhibit power-law C(r) ∼ 1/rd+2.

two different destination sites simultaneously. We consider several variants of MCMs
and sandpiles (see Fig. 4.6), some of which may have an additional center-of-mass
conservation (CoMC) and consequently exhibit hyperuniformity [4]. In all cases,
we analytically calculate the structure factors, which are expressed in terms of the
transport coefficients γ’s (for details, see Table 4.1). Now, according to Eq. (4.13),
we have the following representative scenarios.

Case 1: Unidirectional hopping, γ0 ̸= 0 and γ1 = γ2 = 0; this case could corre-
spond to with or without detailed balance and correlations C(r) are short-ranged,
e.g., SSEP, ZRP, and some variants of MCMs (results not presented).

Case 2: Multidirectional hopping, γ0 ̸= 0 and γ1 = γ2 ̸= 0; in this case, detailed
balance is violated, and correlations C(r) are short-ranged, e.g., some variants of
MCMs (results not presented).

Case 3: Multidirectional hopping, γ0 ̸= 0 and γ2 ̸= γ1; detailed balance is vio-
lated, power-law correlations C(r) ∼ r−(d+2) are observed, e.g., MCM I.

Case 4: Multidirectional hopping, γ0 = 0; the systems are hyperuniform [3], e.g.,
CoM-conserving models, and correlations are short-ranged C(r) for γ2 = γ1 (e.g.,
MCM CoMC I) and power law otherwise (e.g., MCM-CoMC II, Manna model with
CoMC and Oslo model as in Fig. 4.6).
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Figure 4.6: Panel (a): Steady-state scaled density-density correlation function,
2DCmm

x,0 /(γ1 − γ2), is plotted as a function of axial distance x. Panel (b): Scaled
activity-density correlation function, 2CAm

x,0 /(γ1 − γ2), as a function of spatial dis-
tance x is plotted for the Oslo model [43] and Manna model with CoMC [40]; here
D = a′(ρ̄)/2, γ1(ρ̄) and γ2(ρ̄) all depend on global density ρ̄, where a(ρ̄) is the
density-dependent activity − the “order parameter” for conserved sandpiles [38]. In
mass chipping models (MCMs) [13], D is independent of density. Theory (black dot-
ted line) predicts a generic power law (6/π)x−4 [Eq. (4.1)]. In simulations, we take
a periodic 250 × 250 square lattice and global density ρ̄ = 4.0 (far from criticality
for the Manna and Oslo models).

To verify the above theoretical predictions, we have performed Monte-Carlo sim-
ulations of various microscopic models in two dimensions. In panels (a) − (c) and
(d) − (f) of Fig. 4.5, we present heat maps of the quantity 2DB(q) and the scaled
structure factor 2DS(q), respectively, in the two-dimensional q-plane for different
sets of γ ≡ {γ0, γ1, γ2} values. The non-analyticity emerges when the condition
γ1 ̸= γ2 is satisfied. We also construct model-independent scaled density-density
and activity-density correlation functions 2DCmm

r /(γ1 − γ2) and 2CAm
r /(γ1 − γ2),

respectively, which are plotted as a function of spatial distance r = (x, 0) in pan-
els (a) and (b) of Fig. 4.6. We take global density ρ̄ = 4.0 [far from (above)
the absorbing-phase transition points for the Manna model with CoMC and Oslo
model], and a periodic square lattice of area L× L = 250× 250. The black-dotted
line in both panels demonstrates that the scaled correlations indeed exhibit a generic
power-law decay (6/π)x−4 along x−axis [as obtained in Eq. (4.88)].

4.5 Conclusions

In this chapter, we have provided a theoretical characterization of spatial struc-
tures in a broad class of conserved-mass transport processes defined on a periodic
d−dimensional (d > 1) hypercubic lattice. The models are governed by continuous-
time Markov jump processes and, importantly, involve multidirectional hopping,
which respects all symmetries of the lattice. We focus on the often-studied two-
point spatial correlation functions involving density and activity. We show that
these models exhibit power-law correlations in higher dimensions for generic param-
eter values, even when the systems are far from a phase transition point (if any).
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Figure 4.7: Schematic “phase diagram” of conserved-mass transport processes on
a d−dimensional lattice in the plane of parameters γ1 and γ2 as defined in Eqs.
(4.7) and (4.8). The black-dotted line depicts the “phase boundary”, where the
correlation function is short-ranged and elsewhere it is a power-law.

The crucial mechanism behind the algebraic decay is the multidirectional hopping
dynamics, where multiple chunks of mass or particles can simultaneously hop out of
a lattice site in various directions, thereby breaking detailed balance and generically
leading to long-ranged correlations. Indeed, using a hydrodynamic and microscopic
approach, the strength of the correlation functions have been determined in terms of
the bulk-diffusion coefficient and the Onsager matrix (or, the mobility tensor). More
specifically, for the class of models considered here, we parametrize the transport
properties, and consequently the correlations, in terms of three coefficients (density-
dependent in general), γ0, γ1 and γ2 [see Eq. (4.13)]. Indeed, the presence (or,
absence) of the power-law correlations can be understood as follows. For γ1 ̸= γ2,
irrespective of the values of γ0, the correlation functions decay as a power law.
However, in some special cases, where γ1 = γ2, and therefore S2 = 0 [see Eq. (4.2)],
the correlation functions can be short-ranged too; for a schematic “phase diagram”,
see Fig. 4.7.

In particular, our theory explains why center-of-mass-conserving dynamics with
axial bidirectional (opposite) hopping of masses generically leads to long-ranged
correlations, which manifest into a remarkable state of nonequilibrium disordered
matter, called hyperuniformity [3, 40]. In that case, we have γ0 = γ2 = 0, but the
coefficient of the nonanalytic term in static structure factor is nonzero [S2 ̸= 0 in
Eq. (4.2)]. Therefore, the systems have anomalously suppressed long-wave-length
density fluctuations S(q → 0) = 0, resulting in hyperuniformity [S(q) ∼ qα with
hyperuniformity exponent α = 2] and long-ranged correlations at the same time.

Importantly, the systems studied in this work are isotropic (i.e., symmetric under
lattice rotations) and homogeneous, yet they violate detailed balance. Moreover, the
symmetric nature of mass hopping ensures that there is no net current in real space
(though probability current in the configuration space is nonzero), and the systems
exhibit diffusive relaxation at large spatio-temporal scales. While such systems
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were widely studied over past several decades [13, 19, 43, 105], so far it has not
been realized that they possess generic scale invariance in higher dimensions, even
far from phase transition point.

In contrast, in open current-carrying systems, e.g., in the presence of a tempera-
ture or density gradient (therefore, anisotropic) [156–159], long-ranged correlations
are rather the rule and were studied before [138, 160–163] (in equilibrium, apart
from the critical state, continuous-symmetry-broken ordered phase can also have
long-ranged correlations [164]). Furthermore, it is known that also closed systems
with localized drive (“disorder”) can induce long-ranged correlations [147]. But, this
raises an important question: What happens in closed, homogeneous and isotropic
systems? Is the violation of detailed balance sufficient to generate power laws, even
on a lattice, which has more restricted symmetry compared to that in a continuum?
The answers to these questions are not obvious. Previously, it has been explained
why correlations in closed anisotropic systems have 1/rd decay [145, 148, 149, 152,
153, 165]. However, the behavior when all symmetries of the lattice are present in
the system is not well understood. One prior attempt to address this issue used
an approximate kinetic theory to illustrate that an isotropic lattice model too can
exhibit algebraic decay, albeit a faster one 1/rd+2 on a hypercubic lattice [150]. Still,
a detailed characterization of the class of microscopic dynamics for which such de-
cays occur is lacking. In this scenario, here we elucidate, in terms of the Onsager
transport coefficients, its precise dynamical mechanism, that crucially requires mul-
tidirectional hopping to violate detailed balance and generate algebraic decay. From
a general perspective, our findings could shed light on why power laws are so ubiq-
uitous in nature [11] − the question posed by Bak, Tang, and Wiesenfeld in their
seminal chapter more than three decades ago.
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5
Summary and Discussions

The thesis presents a detailed analytical study of steady-state fluctuations—both
static and dynamic—in nonequilibrium mass transport processes on d−dimensional
periodic hypercubic lattice. Two broad classes of models are considered: mass
chipping models (MCMs) [13–15, 19–22], which describe fragmentation, diffusion,
and aggregation of continuous mass variables, and conserved-mass sandpile models,
such as the Oslo model [18] and the centre-of-mass (CoM) conserving Manna model
[40]. Using a microscopic dynamical approach, we characterise fluctuation properties
in exactly solvable minimal models, including cases with nontrivial spatio-temporal
correlations and violation of detailed balance. We then extend the analysis to more
complex scenarios of many-body systems with additional conservation laws.

The central focus of our study is to characterize the role of CoM conservation
(analogous to dipole-moment conservation in systems with charged particles), which
has recently attracted significant attention in diverse contexts, including quantum
fluids [126, 127, 166] and equilibrium lattice models [134]. Indeed, our results demon-
strate how the CoM conservation fundamentally alters fluctuation behavior, sup-
pressing current and density fluctuations and giving rise to emergent hyperuniform
structures. Before summarizing the results, let us provide a brief description of the
models considered in this thesis.

5.1 Summary of the models studied

I. Models with only mass conservation: The models studied in this thesis
are defined on periodic hypercubic lattices of volume Ld, considered in both one
and two dimensions. At each lattice site, the mass is a non-negative continuous
variable, and the dynamics are such that the global density is conserved, given by
ρ̄ = M/Ld, where M denotes the total mass of the system. The dynamics proceed
via local chipping of mass from a site, followed by random redistribution of the
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chipped mass to neighboring sites. We investigate three different one-dimensional
variants, referred to as MCM I, MCM II, and MCM III (see schematic diagram in
Sec. 2.2).

In MCM I, a site retains a fraction of its mass, while the chipped-off fraction
is split between the left and right nearest neighbors, with a random proportion
directed to each. In MCM II, the chipped-off fraction is transferred entirely to
either the left or the right neighbor with equal probability, while the remaining
fraction is deposited back at the same site. In MCM III, mass chipped off from two
neighboring sites is first recombined and then randomly fragmented before being
redistributed back to the same two sites. Notably, MCM III is a generalized version
of the Kipnis-Marchioro-Presutti (KMP) model [15].

II. Models with both mass and centre-of-mass conservation − Two
types of models have been considered with both mass and centre-of-mass (CoM)
conservation.

(a) Mass chipping models with CoMC: In these models, with unit rate, a site with
continuous mass retains a random fraction of its mass, and the remaining portion
is equally fragmented and deposited to all 2d nearest neighbors (MCM CoMC I). In
another variant, the chipped-off mass is equally divided into two parts and deposited
at neighboring sites along one of the lattice axes, chosen with equal probability
(MCM CoMC II).

(b) Threshold-activated CoM-conserving models: In addition to the MCMs, we
have also studied the CoM-conserving threshold-activated models; the Oslo model
[18] and a CoM-conserving version of the Manna model [167]. In these systems, with
unit rate, an active site (where mass is greater than or equal to the threshold mass)
deterministically transfers two particles − one each to its right and left neighboring
sites so that the center of mass is conserved.

5.2 Summary of the main results

The main results are summarized below.

1. Dynamic fluctuation of diffusive models with mass conservation:
In Chapter 2, exact microscopic calculations are employed to analyze the second cu-
mulant of time-integrated bond currents, ⟨Q2

i (T )⟩c. Three distinct temporal regimes
emerge for the bond current variance:

• Short-time regime (T ∼ O(1)): Linear growth as ∼ T .

• Intermediate-time regime (1≪ T ≪ L2): Subdiffusive growth as ∼ T 1/2.

• Long-time regime (T ≫ L2): Diffusive growth as ∼ T .

Interestingly, these two different scaling regimes are unified through a single, uni-
versal scaling function W(y), with the scaling variable being y = DT/L2, where D
is the bulk diffusion coefficient. Furthermore, we show that, even in the presence
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of spatial finite spatial correlations, the instantaneous current correlation is shown
to have the following form ⟨Ji(t)Ji(0)⟩ ∼ −t−(1+d/2); the corresponding power spec-
trum is given by SJ(f) ∼ SJ(0) + Const. fd/2, for bond currents in systems with a
single (mass) conservation law.

2. Dynamic fluctuation in models with centre of mass conservation−
With the additional constraint of center-of-mass (CoM) conservation, the mass chip-
ping models, although violating detailed balance, remain diffusive. We have calcu-
lated the steady-state bond current fluctuations exactly for these models and found
a generic asymptotic behavior of the form ⟨Q(T )2⟩ = A1T+A2+A3T

−d/2, where the
coefficient A1 may vanish depending on the details of the model. When A1 = 0, the
long-time current fluctuations saturate, implying dynamical hyperuniformity. Fur-
thermore, we have computed the instantaneous current correlation, which decays
as ∼ −t−(2+d/2) − significantly faster than in models with only mass conservation,
where the decay is t−(1+d/2). This behavior is consistent with the corresponding
power spectrum of the current, SJ(f) ∼ A1 + Const. f 1+d/2, highlighting how the
power-law decay exponent changes depending on the conservation laws present in
the systems. Moreover, all CoM-conserving models studied in the thesis exhibit a
steady-state structure factor that vanishes as S(q) ∼ q2, characteristic of class-I
hyperuniformity, the most extreme form of suppression of the density fluctuations
[168].

3. Generic power laws in higher-dimensional mass transport models:
In a broad class of nonequilibrium lattice models, we have computed the structure
factor by combining microscopic analysis with hydrodynamic theory. Interestingly,
in models with multidirectional hopping, where multiple chunks of mass or particles
can simultaneously leave a lattice site and be deposited at two or more neighboring
destinations. We find that, within a specific parameter regime, the structure factor
exhibits a non-analytic q2 dependence. This non-analyticity gives rise to a robust
power-law decay of correlations, ∼ 1/rd+2 (for d > 1), in real space, even though
the systems still preserve isotropy and homogeneity.

Overall, the thesis provides a unified framework, based on exact microscopic
theory, explaining both dynamic and spatial fluctuation behavior in nonequilibrium
mass transport systems. Much of the work focuses on simple, exactly solvable
models that nevertheless exhibit non-trivial spatial correlations. Remarkably, several
nonequilibrium phenomena can be observed in such minimal lattice models, such as
mass chipping processes. These findings open new avenues for advancing a rigorous
understanding of the emergence of power-law correlations and hyperuniformity in
out-of-equilibrium systems and provide promising directions for future research into
designing hyperuniform materials and achieving efficient transport in driven systems
in general.
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A
Appendix

A.1 Fluctuating current correlations

The time-integrated bond current up to time t along a given direction α can be
written as

Qα(r, t) =
∫ t

0

dt′jα(r, t
′), (A.1)

where jα(r, t) is instantaneous current, which can be written as a sum of diffusive
and fluctuating current components,

jα(r, t) = j(d)α (r, t) + j(fl)α (r, t). (A.2)

Then, to characterize the second moment, or more generally, the two-point corre-
lations of bond current, we calculate unequal-time (t > t′) correlation function for
bond current in different directions α and β through the following time-evolution
equations,

C
jαQβ
r (t, t′) ≡ d

dt
C

QαQβ
r (t, t′) = C

j
(d)
α Qβ

r (t, t′), (A.3)

where we have defined dynamic correlation as C
QαQβ
r (t, t′) = ⟨Qα(0, t)Qβ(r, t′)⟩c of

two observable Qα and Qβ. The above equation implies that, for t > t′,

⟨(jα(r, t)− j(d)α (r, t))Qβ(0, t′)⟩ = C
j
(fl)
α Qβ

r (t, t′) = 0. (A.4)

Also, we have, by definition,

d

dt′
C

QαQβ
r (t, t′) = C

Qαjβ
r (t, t′) (A.5)
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Note that, in the above two equations (A.3) and (A.5), we have considered that

the correlation between the fluctuating current j
(fl)
α (r, t) at a later time t and any

dynamical observable, say A(r′, t′), at an earlier time t′ (i.e.,t > t′) is uncorrelated,

⟨j(fl)α (r, t)A(r′, t′)⟩c = ⟨j(fl)α (r, t)A(r′, t′)⟩ = 0, (A.6)

for any r and r′. However, the time ordering is important and ⟨A(r, t)j(fl)α (r′, t′)⟩ ≠ 0
is not necessarily zero for t > t′. To solve eq. (A.3), we require to obtain an equal-
time current-current correlation, which satisfies the following equation,

d

dt
C

QαQβ
r (t, t) = C

j
(d)
α Qβ

r (t, t) + C
Qαj

(d)
β

r (t, t) + Γαβr . (A.7)

The first two terms in the rhs of the above equation correspond to an infinitesimal
change of bond current either in α or in β directions, whereas the third term Γαβr
represents the simultaneous update of current in both directions (α and β) [see Eqs.
(4.7) and (4.8)]. Using Eqs. (A.3) and (A.7), we obtain the solution of unequal-time
(t > t′) current correlations as given below:

C
QαQβ
r (t, t′) = Γαβr t′ +

∫ t′

0

dt′′
[
C
j
(d)
α Qβ

r (t′′, t′′) + C
Qαj

(d)
β

r (t′′, t′′)
]
+

∫ t

t′
dt′′C

j
(d)
α Qβ

r (t′′, t′).

(A.8)

Considering the time-ordering, we now write in a general form the time-integrated
bond-current correlation fluctuation for an arbitrary time t and t′ as

C
QαQβ
r (t, t′) = Θ(t− t′)CQαQβ

r (t, t′) + Θ(t′ − t)CQαQβ
r (t′, t), (A.9)

where the Heaviside step function Θ(t) equals 1, 1/2 and 0 for t > 0, t = 0 and
t < 0, respectively. First differentiating Eq. (A.9) w.r.t. t′, then w.r.t. t and finally
considering (for simplicity) t′ = 0 and t ≥ t′, we have

C
jαjβ
r (t, t′ = 0) =

[
d

dt

d

dt′
C

QαQβ
r (t, t′)

]
t′=0,(t−t′)≥0

(A.10)

=
d

dt

[
− δ(t− t′){CQαQβ

r (t, t′)− CQαQβ
r (t′, t)}

+Θ(t− t′) d
dt′
C

QαQβ
r (t, t′) + Θ(t′ − t) d

dt′
C

QαQβ
r (t′, t)

]
t′=0,(t−t′)≥0

(A.11)

= Γαβr δ(t) + Θ(t)C
j
(d)
α jβ

r (t, 0) + Θ(−t)Cj
(d)
α jβ

r (0, t). (A.12)

The above equation implies that, for t = t′ = 0, we have C
jαjβ
r (0, 0) = Γαβr δ(0) as, in

leading order, only the first term containing δ(0) dominates and the other two terms
in rhs are negligibly small compared the first term. On the other hand, for t > t′ = 0,

we have C
jαjβ
r (t, 0) = C

j
(d)
α jβ

r (t, 0) as, in that case, the first term is vanishingly small
and, due to Heaviside theta function, only one of the remaining terms survives.
Furthermore, for arbitrary times t and t′, the fluctuating current-current correlation
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function can be written as

C
j
(fl)
α j

(fl)
β

r (t, t′) = ⟨(jα(0, t)− j(d)α (0, t))(jβ(r, t
′)− j(d)β (r, t′))⟩c (A.13)

= C
jαjβ
r (t, t′)− Cjαj

(d)
β

r (t, t′)− Cj
(d)
α jβ

r (t, t′) + C
j
(d)
α j

(d)
β

r (t, t′)

= C
jαjβ
r (t, t′)− Cj

(d)
α jβ

r (t, t′), (A.14)

which becomes zero for t > t′, where we have used ⟨j(fl)α j
(d)
β (t, t′)⟩c = 0 and C

jαj
(d)
β

r (t, t′) =

C
j
(d)
α j

(d)
β

r (t, t′) for t > t′ [also see Eq. (A.6)] − the first equality implies that the diffu-
sive current at the initial time t′ is uncorrelated with the fluctuating current at the
latter time t and then the second equality immediately follows. For t = t′, from Eq.

(A.12), one can see that C
j
(d)
α jβ

r (t, t′) is of order O(1). In other words, we obtain the
strength of the fluctuating current through the Onsager transport coefficients or the
mobility tensor Γαβ as given below:

C
j
(fl)
α j

(fl)
β

r (t, t′) = Γαβ(r)δ(t− t′). (A.15)
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36A. Vespignani, R. Dickman, M. A. Muñoz, and S. Zapperi, “Driving, Conserva-
tion, and Absorbing States in Sandpiles”, Phys. Rev. Lett. 81, 5676–5679 (1998).

37A. Hazra, T. Chakraborty, A. Mukherjee, and P. Pradhan, “Generic power laws
in higher-dimensional lattice models with multidirectional hopping”, arXiv, 10.
48550/arXiv.2503.18365 (2025).

38R. Dickman, A. Vespignani, and S. Zapperi, “Self-organized criticality as an
absorbing-state phase transition”, Phys. Rev. E 57, 5095–5105 (1998).
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83G. M. Schütz, “Exact Tracer Diffusion Coefficient in the Asymmetric Random
Average Process”, J. Stat. Phys. 99, 1045–1049 (2000).

84A. Kundu and J. Cividini, “Exact correlations in a single-file system with a driven
tracer”, Europhys. Lett. 115, 54003 (2016).

85F. Zielen and A. Schadschneider, “Matrix product approach for the asymmetric
random average process”, J. Phys. A: Math. Gen. 36, 3709 (2003).

86S. Chatterjee, P. Pradhan, and P. K. Mohanty, “Gammalike Mass Distributions
and Mass Fluctuations in Conserved-Mass Transport Processes”, Phys. Rev. Lett.
112, 030601 (2014).

87D. K. C. MacDonald, Noise and Fluctuations: An Introduction (Dover Publica-
tions, Incorporated, Dec. 2013).

88D. Gabrielli and D. R. M. Renger, “Dynamical Phase Transitions for Flows on
Finite Graphs”, J. Stat. Phys. 181, 2353–2371 (2020).

89F. Bonetto, G. Gallavotti, A. Giuliani, and F. Zamponi, “Chaotic Hypothesis,
Fluctuation Theorem and Singularities”, J. Stat. Phys. 123, 39–54 (2006).

135

https://doi.org/10.1126/sciadv.abm5043
https://doi.org/10.1126/sciadv.abm5043
https://doi.org/10.1126/sciadv.abm5043
https://doi.org/10.1126/sciadv.abm5043
https://doi.org/10.1007/s10955-006-9056-4
https://doi.org/10.1007/s10955-006-9056-4
https://doi.org/10.1088/1751-8113/40/46/R01
https://doi.org/10.1088/1751-8113/49/8/085002
https://doi.org/10.1088/1751-8113/49/8/085002
https://doi.org/10.1103/PhysRevE.86.031134
https://doi.org/10.1103/PhysRevLett.96.204303
https://doi.org/10.1103/PhysRevLett.96.204303
https://doi.org/10.1088/1742-5468/2016/11/113202
https://doi.org/10.1088/1742-5468/acac70
https://doi.org/10.1103/PhysRevE.95.062128
https://doi.org/10.1103/PhysRevE.62.3186
https://doi.org/10.1103/PhysRevE.64.036103
https://doi.org/10.1023/A:1018664117102
https://doi.org/10.1209/0295-5075/115/54003
https://doi.org/10.1088/0305-4470/36/13/306
https://doi.org/10.1103/PhysRevLett.112.030601
https://doi.org/10.1103/PhysRevLett.112.030601
https://doi.org/10.1007/s10955-020-02667-0
https://doi.org/10.1007/s10955-006-9047-5


90R. J. Harris, A. Rákos, and G. M. Schütz, “Breakdown of Gallavotti-Cohen sym-
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